Differentiating
Productsand Quotients 11.4

i
\‘5‘ Introduction

We have seen, in the first three Sections, how standard functions like 2", e**, sinax, cosaz,
In ax etc., may be differentiated.

In this Section we see how more complicated functions may be differentiated. We concentrate,
for the moment, on products and quotients of standard functions like z"e*, % etc.

We will see that two simple rules may be consistently employed to obtain the derivatives of such
functions.

O be able to differentiate standard functions:

L o logarithms, polynomials, exponentials, and
\!‘ Pre requ ISites trigonometric functions
Before starting this Section you should ... [ be able to manipulate algebraic
expressions.
\ . 0 differentiate products and quotients of
\1—‘-'\ Learnlng Outcomes standard functions

After completing this Section you should be

0 differentiate a quotient using the product
able to ...

rule



1. Differentiating a Product

In previous Sections we have examined the process of differentiating functions. We found how
to obtain the derivative of many commonly occurring functions. These are recorded in the
following table (remember, arguments of trigonometric functions are assumed to be in radians).

dy
y —_
dx
s nx" !
sin ax a CoS ax
CoS ax —asinax
tan ax asec? ax
sec ax asecztanx
1
Inax —
T
eax aeax
cosh ax asinh ax
sinh ax a cosh ax

In this Section we consider how to differentiate non-standard functions - in particular those
which can be written as the product of standard functions. Being able to differentiate such
functions depends upon the following Key Point.

If y=f(z)g(xr) then e ——g(z) + f(ﬂ's)—aj or Yy =flg+fg

Equivalently, if y =wu.v then dy = U% + v%
dx dx dx

Either of these versions is called the product rule.

We shall not prove this result, instead we shall concentrate on its use.

Example Differentiate (a) y = 2?sinz (b) y=xzlnzx
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Solution

and so

and so

1. (a) Here f(z) =22, g(x) =sinz

(b) Here f(z) =z, g(z) =Ilnx

df dg
E—Qx, dﬁ—cosx
dy : 2 _ :
Ep 2z(sinx) + z°(cosx) = x(2sinx + x cos x)
x
df _, dg_1
dz dz =z
1
% =1.(Inz) + z. (;) =lnz+1

“ | Determine the derivatives of the following functions

2x

| e
N ) y—ems,  (b)y= —
Your solution
df
(a) f(x) = 1 =
dy
de
dg
g(x) = dr
: _
; +axup,0 = fip
In (b), write y = (z7%)e*” and then differentiate
Your solution
df
b — _— =
b) @) -
dy
dr
dg
g(z) = dr
el N TP
($ + [_>x398 — (ngZ)zfx + xza(g—xz ) - fip
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Exercises

1. In each case find the derivative of the function

(a) y=xtanx
(b) y = z*In(27)
(c) y =sin’x
(d) y = e** cos 3z
2. Find the derivatives of:
T

(&) y = cos
(b) y =e"sinx

Obtain the derivative of y = ze” tan x using the results of parts (a) and (b).

{z weyr + zuerz + vuey + z} 2
(2500 + zuIs)(,2)T 09S T + T UIS ,2(TURY LIS T + L D9S) =
rp rp rp
ruts 2)— (298 x) + xuls 2 (T0ST)— = —
(s 2) 2 (2905 (woos) = = T
St (zuts ,2)(r09sx) = T URY LT = fi JO SATJRALIOD O] DI0JOIOY ],

(2500 + T UIS) 0 = LS00 ;2 + T UIS ;0 = z—g

(q)

xummoasx—i-xoas:% xoosxT =1fi () g
(rguisg¢ — xg 800 z)mza = (rgurs g—)xza -+ 2S00 (xzag) = %) (p)
TZUIS = T S0D T UIS g = X SO X UIS + X UIS T S0 = %
rus-zus = fi (9)
(1 + (#g)up) s = = + (v2)u 2% = 75 ()
T 08T 4 auey =z () T
The rule for differentiating a product can be extended to any number of products. If, for

example, y = f(x)g(x)h(z) then

= Lt + f@)5- oo
_ %g(az‘)h(x) + f(x) {%W) +9<x)%}
- %gwm +f (x)j—ih(x) +f (x)g(“")%

That is, each function in the product is differentiated in turn and the results added together.

d
Example If y = ze**sin 2 then find d_y
T
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Solution
Here f(z) =z, g(x) = €**, h(z) = sinx

dh
g—l %:262:6 — =cosT

de 7 dx o dx

dy
dx
= e*[sinz 4 2z sinx + x cos 7]

= 1(e*sinz) + z(2e*) sinx + we**(cos x)

-'b -
|m:‘ Obtain the first and second derivative of y = 2*(In x) sinh x.

\ = Firstly identify your three functions.

Your solution
f(x) = g(z) = h(z) =
ryuss = (z)y  ‘zup=(x)b  x=(x)f
Now find the derivative of each of these functions
Your solution
df B dg % B
dr dr dr
xqsoo:@ ‘ il ‘:cg:@
Yyp bp Jp
Finally obtain %
dx
Your solution
TUSOd TU[ T + TYUIST + TYUIS TU[ LT =
T xp
(zysoo)xuy & + wquis | — | &+ rquis (v u)rg = m
T
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Now find 32—2 by differentiating each of the three terms: 2z Inzsinhz, xsinhx, 2?Inxcosha
using the differentiating a product rule. Finally, simplify your answer by collecting like terms

together.

Your solution

di (2zInzsinhx) =

x
d
a(x sinhx) =
d
@(332 Inxcoshzx) =
etP
TYS0D LU XYy + T YSOD TZ + TYUIS ¢ + T UIS T U (L& + ) = ﬁ
¢
2. Differentiating Quotients
In this Section we consider functions of the form y = %‘7;; To find the derivative of such a
g(x
function we make use of the following key result:
t .
\'_-i‘ Key Point
df dg
g(x) == — —f(z)
Ity = _f(x) then dy = dz df
9(x) dz [9(z)]
This is called the quotient rule

1
Example Find the derivative of 3y = ur
x
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Solution
Here f(xz) =Inz and g(x) = x
d 1 d
_f L _9 _1
x
1
— 1(Inxz)
x 1 —Inzx
Hence — = 5
x
-'.:'.!TT::H
_'b L
I&l; Using (a) the formula for differentiating a product and (b) the formula for
] sinx
=" differentiating a quotient obtain the derivative of y = >
x
. . dy
For (a), write y = ™ *sinx then find P
x
Your solution
o Tp rp .
rso0r +rwsg—  fip TOD , T+ T U (o Tg—) = fip ‘ TS, T =fi
Now use the quotient rule to find d_y
x
Your solution
et _ zle?] _ P . X _
Tulsg —xsooxr  xuls(xg) — [wsoo]x  fip ) T UIS
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Exercises

1. Find the derivatives of the following functions.

42%)(32° + 2?)

(22 +3)(22 — 5)(3z + 2)

)
) (22+1)(3z—1)
T+5

(Inzx)sinx

(Inx)/sinx

(h) e®/z?
(1 ecozlgxx

(27 ;008 LT WIS T UIS g + X 998 (X 800 4 X UIs)] ;9

T, 7500

T UL Y00 — = )TIIS0D = d
[ T

T T uls ,oxg WIS g+ [T $00 Lo+ uls ,9|Tg S0

&

29T — 29,

x) = -

(T8 — ¢

x uts

Z$00 (T Uup)— ( )ac urs

1)
)
5)

(
(
(

x$0) (xuf) 4 @ urs % (3)

€8 — 29T + ,7¢¢ — (7Fg (P)

tre )

SR ot ()

¢TOT — 40T + ¢7F8 — ,28F (®) T
S.IBAASIIV
HELM (VERSION 1: March 18, 2004): Workbook Level 1 8

11.4: Differentiating Products and Quotients




