Errors and
Percentage Change 18.4

L %
\5‘ Introduction

When one quantity is related to several others by a functional relationship it is possible to
estimate the percentage change in it caused by given percentage changes in the other variables.
If the input variables are measured and the measurements are in error, due to limits on the
precision of measurement, then we can estimate the effect that these errors have on the output.

\':“ Prerequ iSiteS 0 understand the definition of partial

derivatives and be able to find them

Before starting this Section you should ... (section 18.1)

\':_-‘ Learning Outcomes U calculate small errors in a function of

more than one variable

After completing this Section you should be

0 calculate approximate values for
able to ...

absolute, relative and percentage relative
error



1. Approximations using partial derivatives

Functions of two variables

We saw in section 16.5 how to expand a function of a single variable f(x) in a Taylor series:

1= e —roe + £

This can be written in the alternative form (by replacing x — xo by h hence = = xy + h):

f”(l'o) 4+ ...

2
Pl +h) = Flwo) + hf'(ro) + o f"(x0) +

This expansion can be generalised to functions of two or more variables. Indeed, for functions
of two variables we find:

f(xo+hy yo+ k) = f(xo,y0) + hfu(o, o) + K fy(xo, Yo)
where, assuming h and k to be small, we have ignored higher-order terms involving powers of
h and k. We define §f to be the change in f(x,y) resulting from small changes to o and yo.
Thus:
of = f(xo+h, yo+ k) — f(xo,v0)
and so 0 f =~ hf,(zo,yo) + kfy(zo,y0). Using the notation dx and dy instead of h and k for small
increments in x and y respectively we may write

Of = 6. fo(x0,y0) + 0y fy(0, o)
Finally, using the more common notation for partial derivatives, we write

o1 e U,

Informally, the term Jf is referred to as the absolute error in f(x,y) resulting from errors
0x, 0y in the variables x and y respectively. Other measures of error are used. For example the
relative error in a variable f is defined as f I and the percentage relative error is % x 100.

L
\'_-f\ Key Point

Measures of Error
We define 0 f to be the change in f at (z¢,yo) resulting from small changes h, k to xo and yq
respectively. Thus: 6f = f(xg + h, yo + k) — f(z0,%0)-

Absolute error in f is 0 f Relative error in f is —-

f

)
Percentage relative error in f is — x 100
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We should note that to determine the error in any particular example we will need to know not
only the actual values of dx and dy but also the values of x and y of interest.

Example Estimate the absolute error for the function f(z,y) = 2% + 2%y

Solution
8f = 22 + 322 Y; gi =23
Then 6f ~ (22 + 3w y)éx + 235y

ol Epo™,
ut Ca

= 1% | We seek the absolute error for f(x,y) = 2*y*> + v + y. Obtain the absolute
'\\ wet s error at the point (—1,2) if dx = 0.1 and dy = 0.025.

First find % and ?
z y

Your solution
of _ of
or dy

_ fig
I+ﬁz$z_f_

e T+ fmz_fe

Now obtain the absolute error

Your solution

fig(1 + fizxz) +xo(T + Zfixz) ~ f¢

Finally obtain the value of the absolute error at the point of interest.

Your solution

"SoTI[RA OM] 9T} TOIMID(
00UAPUOdSIIIOD 90D A[RUOSBAI ®© ST 9191} BT} 998 O\\ “LE67ESS0— = (2T1—)f — (3202 ‘6'0—)f
= (0i0x) [ — (fig + Ofi ‘zg+ 0x)[ = [¢ PUY OA\ "SON[RA OM} 9} oIedUIOD WRD oM OS PIJRINI[RD
ATtseo st 1010 [enoe oYL, 60— = (620°0)(¢) +(1°0)(L—) = A(T +fizze) + 29(1 + fizg) = [¢
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Functions of three or more variables

If f is a function of three or more variables x,y,u,v,... the error induced in f as a result of
making small errors dz, oy, du,dv ... in z,y,u,v,... is found by a simple generalisation of the
expression given above:
of 0f 5., 91 of
0f ~ —d0x + ——dy + ——du+ =—dv+.
/ ox ay (9 v

Example Suppose that the area of triangle ABC' is to be calculated by measuring two
sides and the included angle. Call the sides b and ¢ and the angle A.
Then the area S of the triangle is given by

1
S = §bc sin A.

Now suppose that the side b is measured as 4.00 m, ¢ as 3.00 m and A as 30°.
Suppose also that the measurements of the sides could be in error by as much
as £ 0.005m and of the angle by £ 0.01°. Calculate the likely error induced
in S as a result of the errors in the sides and angle.

Solution

Here S is a function of three variables b, ¢, A. We calculate

1 1
- - x4 Z = 3m2.
S 2>< ><3><2 3m

Now %2 = %csin A, % = 1bsmA and as leCOSA Then

oS oS oS
%(517 + 6_5 ¢+ a—A(SA

= %csinA ob + ibsinA oc + %bccosA OA.

05

12

Here 0b = dc = 0.005 and 6A = 555 x 0.01 (remember that A must be measured in radians).

Substituting these values we see that the error in the calculated value of S is given by the
approximation

<1><3><%)x0.005+<%x4x%)xo.oo5+<%x4x3x£>ixo.01

o5 2 2 ) 180

12

~ 0.0097 m?

Hence the estimated value of S is in error by about % 0.01m?

-b w
|$ﬁ The function f(z,y) = 2? + 4> + xy is given. Estimate the absolute error in
""\ . f at the point x = 2, y = 3 if errors £ 0.01 and £ 0.02 are made in x and y

respectively.
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First find % and %.
y

Your solution
of _ of
or dy

'x—i-fiz:j—g ffi—|—xz:%

If x has a measured value of 2 and y of 3 calculate the value of f(z,y).

Your solution

6l =¢xXC+8+.0=(¢T)f

Now since the error in the measured value of z is + 0.01 and in y is + 0.02 we have;
ox = 0.01, dy = 0.02. Write down an approximation to ¢ f.

Your solution

fig(x + fig) + wo(fi + 2g) = f¢

Calculate the error in f, namely § f

Your solution

€20 F 61 = f or0nb om oousy

€T0=9T0+ 200
00x (z+exg)+100x(e+2xg) ~ fo

2. Percentage relative error

Other measures of error can be obtained from a knowledge of the expression for the absolute
error. Suppose that f(x,y) = 2 + y* + zy then

of  of
5f = Gbe+ 50y

= (2z+y)ox+ (2y + x)dy

sf

As mentioned earlier the relative error in f is 7

and the percentage relative error is (% X 100) %.
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Hence

Sf 10f 10f
75 T roy™
(2x +y) (2y + x)

The actual value of the relative error can be obtained once the errors of the independent variables
are known and the values of x and y at the point of interest.

In the special case where the function is a combination of powers of the input variables then
we have a short cut to finding the relative error in the value of the function. For example if
flz,y,u) = 24" then

u3
of _ 2xy* of _ 4%y of _ 32ty
Ox ud oy ud ou u?
Hence - ey y
5f = b+ —Lsy - =gy
u u u
Finally,
5 2 4 3 4 2,3 3 3 2,4 3
_f: x? x%ém—i— xsy 3459_ ar4y X ?:4511
f u 2%y u 2%y u 2y

Cancelling down the fractions,

J J J J
—f22—x+4—y—3—u (%)
f Ty u
so that
rel. error in f ~ 2(rel. error in x)4 4(rel. error in y) — 3(rel. error in u).

Note that if we write

flz,y,u) = 2?y'u?

we see that the coefficients of the relative errors on the right-hand side of (x) are the powers of
the appropriate variable.

To find the percentage relative error we simply multiply the relative error by 100.

-b w
I%‘ If f= f—j’ and x,y,u are subject to percentage relative errors of 1, —1 and 2
-/ respectively find the approximate percentage relative error in f.

First find %, g—i and %.

Your solution

of of of
or dy ou

(=]
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Now write down an expression for § f

Your solution

Of ~

fizZZ _ﬁjgz_z+$s)ﬁ§Zg :J[S)
Hence write down an expression for the percentage relative error in f
Your solution
i = [ yeyy 9joN
%= =
(@e—1-(1)8) =
n i €T -
00T X n—QZ—OOI X ﬁ—9+OOI X x—QS ~
figx ¢ ficx  on ficx n J
& _ flo—t « &~ & = Z
OOIananfigxz 00T X Qangx—i‘OOIXﬂUQ n fiag OOIXf9
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Exercises

1. The sides of a right angled triangle enclosing the right angle are measured as 6m and 8m
respectively. The maximum errors in each measurement are + 0.1m. Find the maximum
error in the calculated area.

2. In question 1, the angle opposite the 8m side is calculated from tanf = % as 53%8'.
Calculate the approximate maximum error in that angle.

3r
3. If v = 4/ — find the maximum percentage error in v due to errors of 1% in x and 3% in y.

Y

1 |E
4. Ifn= STA ] and L, F and d can be measured correct to 1%, how accurate is the calcu-

lated value of n?

5. The area of a segment of a circle which subtends an angle 6 is given by A = %7’2(6’ —sin#).
The radius r is measured with a maximum percentage error of 0.2% and 6 is measured as
459 with a maximum error of 0.1°. Find the maximum percentage error in the calculated

area.
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