Second Order ODEs 19.3

i %
\!'t\ Introduction

In this Section we start to learn how to solve second-order differential equations of a particular
type: those that are linear and that have constant coefficients. Such equations are used widely
in the modelling of physical phenomena, for example, in the analysis of vibrating systems, and
the analysis of electrical circuits.

The solution of these equations is achieved in stages. The first stage is to find what is called
a ‘complementary function’. The second stage is to find a ‘particular integral’. Finally, the
complementary function and the particular integral are combined to form the general solution
of a second-order linear ODE
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1. Constant coefficient equations

We now proceed to study those second-order linear equations which have constant coefficients.
The general form of such an equation is:
d’y dy
a—=+b—+cy=f(x 1
2 Ty, T =/f@ (1)

where a, b, ¢ are constants. The homogeneous form of (1) is

d? d
ad—;;+bd—z_+cy20 2)
The homogeneous form is found by ignoring the term which is independent of y, or its derivatives.
To find the general solution of (1), it is first necessary to solve (2). The general solution of (2)
is called the complementary function and will always contain two arbitrary constants. We
will denote this solution by w.t.
The technique for finding the complementary function is described in this section.
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2. Finding the complementary function

To find the complementary function we must make use of the following property.
If y1(x) and y2(x) are any two (linearly independent) solutions of a linear, homogeneous second-
order differential equation then the general solution y.¢(z), is

Yet (2) = Ayi () + By (x)

where A, B are constants.

We see that the second-order linear ordinary differential equation has two arbitrary constants
in its general solution. The functions y;(x) and yo(z) are linearly independent if one is not
a multiple of the other.

Example Verify that 3, = ¢ and 3, = ¢** both satisfy the constant coefficient homo-
geneous equation:

P’y dy

— — 6— 8y =20 3

a2 Y’ 3)

Write down the general solution of this equation.

Solution

If y; = e**_ differentiation yields:

dyl 4
AN PE
dx ¢
and similarly,
d yl 4
= 16e™
da?

Substitution into the left hand side of (3) gives 16e** — 6(4e%) 4 8¢*, which equals 0, so that
y; = e is indeed a solution. Similarly if ¢ = e?®, then

d d?
Y2 _ 2627 and ¢ ¥

TJda 4 236
dz dz?

Substitution into the left hand side of (3) gives 4e** — 6(2e%*) + 8¢**, which equals 0, so that
Yo = ** is also a solution of quation (3). Now e** and e!® are linearly independent functions.
So, from the property stated above we have:

ycf( ) A 42+BeQI

as the general solution of (3).

Example Find values of k so that y = e is a solution of:

d*y d
dz?2  dx
Hence state the general solution.
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Solution

As suggested we try a solution of the form y = e**. Differentiating we find

dy g d*y
@ = ke and @

— k2ek:p
Substitution into the given equation yields:

k2ef — kek — 6e"* =0 that is (k* —k —6)e"™ =0
The only way this equation can be satisfied for all values of z is if

E—k—6=0

that is, (k—3)(k+2) = 0 so that k = 3 or k = —2. That is to say, if y = e is to be a solution
of the differential equation £ must be either 3 or —2. We therefore have found two solutions.

y(x) =e and  yp(z) =e
These two functions are linearly independent and therefore the general solution is

Yer (1) = Ae™™ + Be "

The equation k2 — k — 6 = 0 for determining k is called the auxiliary equation.

B g

£

) -
I$-; By substituting y = e**, find values of k so that y is a solution of

= Zy .d

Y Y
SV _3%Y Loy—0
dx? dx+ 4

Hence, write down two solutions, and the general solution of this equation.

Your solution

Hint: substitute y = e*® to get the auxiliary equation k? — 3k +2 =0
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Example Find the auxiliary equation of the differential equation:

d’y dy

Solution

We try a solution of the form y = e** so that

dy kx d2y 2 kx
@ = ke and @ = k“e"".

Substitution into the given differential equation yields:
ak?e®® + bke” + cef* =0 thatis  (ak®+ bk +c)e™ =0
Since this equation is to be satisfied for all values of x, then

ak?> + bk +c=0

is the required auxiliary equation.

\_‘ Key Point

d?
The auxiliary equation of ad—z + bd— cy=20 is ak* + bk +c=0
x

LT,
'.,k; e 05| Write down, but do not solve the auxiliary equations of the following:
 — d2y dy d dy
a) @—Fa‘i‘y—oa b) 2@+7£_3y_0
42y d’y | dy
4—2 = d —+-—=
) A t=0 gt =0

Your solution

(a) (b) () (d)

0=4+40 0=L+247 0 0=¢—%L+242(qQ 0=T+Y+ .y
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Solving the auxiliary equation gives the values of k which we seek. Clearly the nature of the
roots will depend upon the values of a, b and c. If b?> > 4ac the roots will be real and distinct.
The two values of k£ thus obtained, k; and ko, will allow us to write down two independent

solutions:

kix kox
Y

n(x) =e and ya(x) = e

and so the general solution of the differential equation will be:

y(r) = AeM” 4 Bek2"

L
\'_-i\ Key Point

If the auxiliary equation has real, distinct roots k; and ks, the complementary function will be:

Yer (1) = AeF1” 4 Beh>”

On the other hand, if b*> = 4ac the two roots of the auxiliary equation will be equal and this
method will therefore only yield one independent solution. In this case, special treatment is
required. If b < 4ac the two roots of the auxiliary equation will be complex, that is, k; and ks,
will be complex numbers. The procedure for dealing with such cases will become apparent in
the following examples.

Example Find the general solution of:

d’y L dy
— 4+ 3= —10y =0
dz? + dz y

Solution

By letting y = e**, so that

d d?
& _ keh® and £y

1.2 kx
dx dx2_ke

the auxiliary equation is found to be:
k> +3k—10=0 andso (k—2)(k+5) =0

so that £k = 2 and &k = —5. Thus there exist two solutions:

Y = e and Yo =€ T,
We can write the general solution as:
y = Ae*" + Be ™"
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Example Find the general solution of:

d2y
—Z +4y =0
da? A
Solution
As before, let y = ¢ so that
dy kx d2y 2 kx
a = k‘e and @ = kf e .

The auxiliary equation is easily found to be: k% + 4 = 0 that is, k> = —4 so that k = £2i, that
is, we have complex roots. The two independent solutions of the equation are thus

—2ix

yi(x) =e ya(x) = e

so that the general solution can be written in the form
y(x) _ A621x+Be—2iaz
However, in cases such as this, it is usual to rewrite the solution in the following way. Recall
that FEuler’s relations give:
el = cos 22 + isin 2z and e A% = cos 2r — isin 2z
so that
y(x) = A(cos2x + isin 2x) + B(cos 2z — isin 2x)

If we now relabel the constants such that A4+ B = C' and Ai — Bi = D we can write the general
solution in the form:
y(x) = Ccos2x + Dsin2x

Example Given ay” +by' +cy = 0, write down the auxiliary equation. If the roots of the
auxiliary equation are complex (one root will always be the complex conjugate
of the other) and are denoted by k; = a + (i and ks = o — i show that the
general solution is:

y(x) = e**(Acos fz + Bsin fx)
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Solution

Substitution of y = e** into the differential equation yields (ak? + bk + c)e*® = 0 and so the
auxiliary equation is:
ak® + bk +c=0

If ki = a+ Bi, ks = a — (i then the general solution is
y = Celoetfr 4 pela=pi
where C' and D are arbitrary constants. Using the laws of indices this is rewritten as:
Y= Ce*®eli 4 Do iz — eax(Ceﬁi”" + De_ﬁim)
Then, using Euler’s relations, we obtain:

y = e*(Ccosfz+ Cisin Bz + D cos fx — Disin fx)
= e"{(C+ D)cosfz+ (Ci— Di)sinfx}

Writing A = C + D and B = Ci — Di, we find the required solution:

y = e**(Acos fx + Bsin fz)

i
\!‘i‘ Key Point

If the auxiliary equation has complex roots, a+ i and a— (3i, then the complementary function
is:

Yer = €**(Acos fx + Bsin ()

3 Epo

$J" Find the general solution of y” + 2y + 4y = 0.

=

Your solution

The auxiliary equation is:

0=V +C+
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Your solution

The auxiliary equation has complex roots given by:

EATFI- =9

Your solution

Using the keypoint above with a = —1 and 8 = v/3 write down the general solution:

(Tgpus g + g NSO ), 0 =i

Example The auxiliary equation of ay” + by’ + cy = 0 is ak?® + bk + ¢ = 0. Suppose this
equation has equal roots k = k;. Verify that y = e is a solution of the
differential equation.

Solution

We have:
y = xeM” y = e (1 + k) y" = e (kiz + 2k)

Substitution into the left-hand side of the differential equation yields:
M La(kin + 2k;) + b(1 + ki) + ca} = e {(ak? + by + )z + 2ak; + b}

But ak? + bk; + ¢ = 0 since k; satisfies the auxiliary equation. Also,

b= Vb? — 4dac
n 2a

ki

but since the roots are equal, then *> — 4ac = 0 hence k; = —b/2a. So 2ak; + b = 0. Hence
M@ (ak? +bky + )z +2ak; +b} = €M*{(0)x+0} = 0. We conclude that y = ze? is a solution
of ay” + by’ + cy = 0 when the roots of the auxiliary equation are equal.

L
\E'\“ Key Point

If the auxiliary equation has two equal roots, ki, the complementary function is:

Yot = (A + Br)eh?
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Example Obtain the general solution of the equation:

Py _dy
— — 1 f—
L2 + 8dx + 16y =0

Solution

As before, a trial solution of the form y = e** yields an auxiliary equation k% + 8k + 16 = 0.
This equation factorizes so that (k4 4)(k +4) = 0 and we obtain equal roots, that is, k = —4
(twice). If we proceed as before, writing y;(z) = e™%® yy(x) = 742, it is clear that the two
solutions are not independent. We need to find a second independent solution. Using the result
of the previous example we conclude that, because the roots of the auxiliary equation are equal,
the second independent solution is i, = xe~%®. The general solution is then:

y(x) = (A + Ba)e ™

Exercises

1. Obtain the general solutions, that is, the complementary functions, of the following homoge-
neous equations:

(a)%—3j—+2y 0 (b)%+7j—+6y:0
()i; 5i—f+6x_o (d)%ﬂi_t =0
(e)%—ﬁl%wly 0 (f) ‘i%%%y_o
(g)%—Q%WZ (h)ing%%y—o
(i)%Jr%—?y:O ()32@;+9y—0
(k)%—2:—i=0 (1)(312—2—16x—0

2. Find the auxiliary equation for the differential equation

d%‘ di 1.

Hence write down the complementary function.

d’y d
3. Find the complementary function of the equation d—‘z + d—y +y=0
x x
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< sA uIs g + $ SOO V) Z/x_a e

9) 13 0)
——— VFYy— | — =" P TPV = (1)1 0= = +44 + e
(717—05&1/\ y){ AN geyPd + PV = (3) o T

O + 97 =2 (1) 22 +V =1 (¥) rews g + xgsooy = fi ([)
O + ap 0 =1fi (1) (ISTGUSG + 1817800V )90 = T (V)

PTG + 07 =1 (8)  (I9L°CUISG +18L°T S0V ) -0 = i (})

20T + o2V = A(0) g+, 97 =i (D)

1690 T 109V =7 (0) 590G + 297 =M1 (q) o2 + PV =i (8) T

SIomMsuy

3. What is meant by a particular integral?

Given a second order o.d.e.
d’y  dy
— +b—+cy=
a particular integral is any function, y,(x), which satisfies the equation. That is, any function
which when substituted into the left hand side and simplified, results in the function on the right.

We denote a particular integral by y,(x).

B g

-b.\. o
|ﬂ1= Show that
I"‘xh e y=—1e*
is a particular integral of
@—%—Gy—e% (4)
dz? dx
Your solution
o2 dy %y.
Starting with y = z find % and & oo
P 4 p
P = hp 2?1 = W
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Your solution
Now substitute these into (4):

(d ydrosqns
9%— = fi d10JoIOY ], "OpIS puey JYSLI o)
—) — 20— SPPIA (F) ojur worninsqug

© Jurgpejie) 9jum om pue [eisojul renonaed e st .
se oures o1 ‘.0 01 soyrduns PIM (405 —) 9 — (0

—a

et By
s B

-b w
Ikﬁrl" What is a particular integral?

Wy —

Your solution
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4. Finding a particular integral

In the previous section we explained what is meant by a particular integral. Now we look at
how one is actually found. In fact our method is rather crude. It involves trial and error and
educated guesswork. We try solutions which are of the same general form as the f(x) on the
right hand side. As a guide, use Table 1.

Table 1. Trial solutions to find the particular integral

f(z) Trial solution
constant term c constant term -y
polynomial in x polynomial in x
of degree 7: of degree 7:

ar" +---+br+c ax"+ -+ [fr+vy

acoskx acos kx + Fsin kx
asin kx acos kx 4 Bsin kx
aekx aekw
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Example Find a particular integral of the equation

Solution

We shall attempt to find a solution of the inhomogeneous problem by trying a function of the
same form as that on the right-hand side. In particular, let us try y(x) = ae®®, where a is a
constant that we shall now determine. If y(z) = ae®* then

dy = 20e™” and @ = 4™
dx dx? ‘

Substitution in (5) gives:

doe® — 20e* — Gae® = e**
that is,
—4ae®® = ¥
so that y will be a solution if « is chosen so that —4a = 1, that is, a = —i. Therefore the
particular integral is y,(z) = —1e?".
“3 Ero™y

-b “
I%‘ By trying a solution of the form y = ae™ find a particular integral of the

I"\ — ) d*y dy _
equation 2 + . 2y e

Your solution

Substitute y = ae™" into the given equation to find «, and hence the particular integral.

s ot— = ()Y t-=w
. N Ay dy
Example Obtain a particular integral of the equation: 2 6d— +8y==x
x x
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Solution

In the last example, we found that a fruitful approach was to assume a solution in the same
form as that on the right-hand side. Suppose we assume a solution y(z) = ax and proceed to

determine . This approach will actually fail, but let us see why. If y(z) = ax then j—g =«

and 51127‘3 = 0. Substitution into the differential equation yields 0 — 6ax + 8avx = = and a ought
now to be chosen so that this expression is true for all . If we equate the coefficients of z we
find 8 = 1 so that a = é, but with this value of « the constant terms are inconsistent (that
is —g on the left, but zero on the right). Clearly a particular integral of the form ax is not
possible. The problem arises because differentiation of the term ax produces constant terms
which are unbalanced on the right-hand side. So, we try a solution of the form y(x) = ax + 3
with «, # constants. This is consistent with the recommendation in Table 1. Proceeding as

before d—g = q, 32712’ = 0. Substitution in the differential equation now gives:

d
0—6a+8(ax+p)=1
Equating coefficients of x and then equating constant terms we find:

8o =1 (%) —6a+83=0 (%)

From (x), @ = & and then from ()

—6(1)+83=0

so that, 84 = % that is, 7 = 3—32 The required particular integral is y,(x) = éx + 33—2

I* " | Find a particular integral for the equation:

d’y  dy
12 —6£+8y—3COSJ}

Your solution

First try to decide on an appropriate form for the trial solution. Refer to Table 1 if necessary
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TUIS g — rsodV— = =— TS0 4+ TUISO— = —

fi,p fip

PUy oM ‘SUNRIUOIDYI(] T UIS ¢ + T S00 0 = ()fi w0
91} JO UOIN[os © AI} [[RYS 9A\ PUNOJ 9 0} SIURISUOD oI ¢ ‘O YDIYM Ul TUIS Y + TS0V = fi

Your solution

Equate coefficients of cosx in your previous answer:

¢=¢9—mL
Your solution
Also, equate coefficients of sinz in your previous answer:

0="09+¢L
Your solution
Solve these simultaneously to find a and 3, and hence the particular integral:

cg a8 (g8 (g8
rws & — w80 = (1) ‘G- =¢ ‘=0

5. Finding the general solution of a second-order inhomo-
geneous equation

The general solution of a second-order linear inhomogeneous equation is the sum of its particular
integral and the complementary function. In section 19.5 you learned how to find a complemen-
tary function, and in the previous section you learnt how to find a particular integral. We now
put these together to find the general solution.
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T,

A nke]
I-l$; Find the general solution of

Ny — )
d%y

dy
122 +3d— — 10y = 322

Your solution

The complementary function was found in section 19.5 page 6 to be y = Ae* 4+ Be 5. The
particular integral is found by trying a solution of the form y = ax? + bx + c. Substitute into
the homogeneous equation to find a, b and ¢, and hence y,(x).

ve O + OV + @ — xoﬁ_g — Zx%— = (2)Ph + ()% = A
st wonnjos [euef oty snyyy, (0 — 2% — af— = (2)¥ - =0 Y =q U =0

L
\!"\“ Key Point

The general solution of a constant coefficient ordinary differential equation

d? dy :
ad—g—'—bd_ +cy = f(z) 13 Y= Yp + Yot

being the sum of the particular integral and the complementary function. ¥, contains no
arbitrary constants; y.; contains two arbitrary constants.
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Example An LC circuit with sinusoidal input. The differential equation governing the
flow of current in a series LC circuit when subject to an applied voltage v(t) =
Vo sinwt is

d*% 1 —l
Ld—t;+6i:w%coswt I C

Obtain its general solution.

Solution

The homogeneous equation is

inCf icf
de? C
Letting i.s = e* we find the auxiliary equation is Lk? —1—% = 0 so that &£ = £+i/v/ LC'. Therefore,
the complementary function is:

L =0.

t t
lof = ACOS —— + Bsin —— where A and B arbitrary constants

Vv LC Vv LC
To find a particular integral try i, = E coswt + F'sinwt, where E, I are constants. We find:

di d?i
ﬁ = —wksinwt + wF coswt FZ; = —w?F coswt — w?F sin wt
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Solution (contd.)

Substitution into the inhomogeneous equation yields:
1
L(—w?E coswt — w?F sinwt) + 5<E coswt 4+ Fsinwt) = wVj coswt

Equating coefficients of sinwt gives: —w?LF + (F/C) = 0.

Equating coefficients of coswt gives: —w?LE + (E/C) = wVj,.

Therefore F' =0 and F = CVyw/(1 — w?LC'). Hence the particular integral is
CVow

p— m cos wt.

l

t t CV¢
Finally, the general solution is: i = it + i, = Acos ——= + Bsin + 0 cos wt

VIC VIC  1-wLC

6. Inhomogeneous term appearing in the complementary
function

2

d
Occasionally you will come across a differential equation ad—z + bd—y + cy = f(z) for which the
x x
inhomogeneous term, f(x), forms part of the complementary function. One such example is the

equation

It is straightforward to check that the complementary function is y.; = Ae3* + Be™2*. Note that
the first of these terms has the same form as the inhomogeneous term, e3*, on the right-hand
side of the differential equation.

You should verify for yourself that trying a particular integral of the form y,(z) = ae” will not
work in a case like this. Can you see why?

Instead, try a particular integral of the form y,(z) = axe”. Verify that

dQZJp

= ae®(3z + 1) and el ae®(9x + 6).

dyp
dx

Substitute these expressions into the differential equation to find a = % Finally, the particular
integral is y,(x) = %:1:63“" and so the general solution to the differential equation is:

y = Ae* + Be *" + lae™”
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Exercises

1. Find the general solution of the following equations:

d*z dx d*y dy d*y dy

— 2= _3x=6. b) —2 + 5—2= 4+ 4y = 8 — 2 452 46y =2t
(&) Gz =257 =3¢ (b) Gz + 05 T (c) qz + o5 +6v

d*z d d*y _dy d*y dy

(d)—+11—x+30x:8t () — +2— + 3y =2sin2z (f) — + —=+y=4cos3t

dt? dt da? dx dez  dt
d’y 8z d’z 6t
(g)@—l—9y:4e (h)@—lﬁx:%
d? d
2. Find a particular integral for the equation d—tf — Bd_j + 22 = be’t
2z
3. Find a particular integral for the equation w r=4e %
4. Obtain the general solution of 4" — 1 — 2y = 6.
. . o dy L dy
5. Obtain the general solution of the equation 12 + 3d— + 2y = 10 cos 2.
x x
d
Find the particular solution satisfying y(0) =1, d—y(O) = 0.
x
y | dy
6. Find a particular integral for the equation — + —4+y=1+=x
dz?  dx
7. Find the general solution of
(a) d*x de L5 3 (b) d*z de . '
a) — — 6— +bx = — —2—+4zr=¢
dt? dt de? dt
lazg% + P19+ PV =2 (q g +,09 + PV = (e) "L
=9 9
17800 ¢ —xgus & 4+ . 0% ‘wgsoot —wgwist 4 . og + 4, o =i G
€= a2 g+ PV =17
1z—9% =g
$O9T =7 g

;199(%8 + -4 + 3oV =2 (q) 239876070 + IEUIS G + TESOO Y = fi (8

JEUSFIT0 + 26509 8¢F'0 — (2998°0 UIS & + 2998°0 80D |/ )¢90 = fi (
g uts % — X7 800 % —[zgNsoog +agprusy], 0 = fi (

81 g
T — it e
+ 0oy =i () C+ oy 0g + o0y =1i (q) T— g+, 0y == (@) 'T sIemsuy
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