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1. Linearity Properties of the Fourier Transform
(i) If f(t), g(t) are functions with transforms F(w), G(w), respectively, then
o FUM)+9)}=Fw)+GW)

i.e. if we add 2 functions then the Fourier Transform of the resulting function is simply the sum
of the individual Fourier Transforms.

(ii) If k is any constant,
o FHkf(t)} =kF(w)

i.e. if we multiply a function by any constant then we must multiply the Fourier Transform by
the same constant. These properties follow from the definition of the Fourier Transform and
properties of integrals.

Examples

1. F{2e u(t) + 3e u(t)} = F{2e 'u(t)} + F{3e *u(t)}

= 2F{e'u(t)} + 3F{e *u(t)}

2 n 3
l1+iw 241w

4 —-3<t<3
2 It 1) = { 0 otherwise
then ) = aps(t)
and so Flw) = 4P(w) = 5 sin 3w
w

™ 6 -—2<t<2
|@ If f(t) = { 0 otherwise  Write down F(w).

Your solution

m

g WS 7 = (M) 08 (3)d9 = (1) dxe o
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2. Shift properties of the Fourier Transform

There are two basic shift properties of the Fourier Transform:
(i) Time shift property:
F{f(t—to)} = e F(w)

(ii) Frequency shift property
Fle“tf(t)} = F(w —w).

Here ty, wy are constants. In words, shifting (or translating) a function in one domain corre-
sponds to a multiplication by a complex exponential function in the other domain.
We omit the proofs of these properties which follow from the definition of the Fourier Transform.

Example Use the time-shifting property to find the Fourier Transform of the function

1 3<t<5
g@%={0 herwi

otherwise

~Y

Solution

g(t) is a pulse of width 2 and can be obtained by shifting the symmetrical rectangular pulse

-] _1<t<1
PilY) =13 0 otherwise

by 4 units to the right.
Hence by putting ty = 4 in the time shift theorem

Glw) = Flg(t)} = 641% sinw.

'NI-CT|-|

-=h o
I$‘; Verify the above result by direct integration.

o=

e
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Your solution

‘Ayrodoxd ggrys-owrry o) SUISN POUTRIO SB

9ARY A\

- L
I${; Use the frequency shift property to obtain the Fourier Transform of the mod-
I"\x . ulated wave

g(t) = f(t) coswot

where f(t) is an arbitrary signal whose Fourier Transform is F(w).

First rewrite ¢g() in terms of complex exponentials.

Your solution

2+ o)1 = (L) () = ()b

T

9ARY A\

Now use the linearity property and the frequency shift property on each term to obtain G(w).
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Your solution

Kyrodoxd yrys Aouonboaay oy Aq pue

{m_a@)f}f% + {ma@)f}f% — {6}

Ayureout] Aq ‘OARY OA\

3. Inversion of the Fourier Transform

Formal inversion of the Fourier Transform, i.e. finding f(t) for a given F(w) is sometimes
possible using the inversion integral (4). However, in elementary cases, we can use a Table
of standard Fourier Transforms together, if necessary, with the appropriate properties of the
Fourier Transform.

sin dw
Example Find the inverse Fourier Transform of F(w) = 20 3
w
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Solution
The appearance of the sine function implies that f(¢) is a symmetric rectangular pulse.
We know the standard form )
sinwa
F{pa(t)} =2
{pa(t)} = 20—
or .
sinwa
F {2 = pa(t).
205220 = ()
Putting a =5
sin Hw
F~H10 = ps(t).
{1052} = (1)
Thus, by the linearity property
_ sin dw
71 = FH205 ) = 2ms(0)
w
2 (@)
2
_5 5 >t
) ) . sin bw .
Example Find the inverse Fourier Transform of G(w) = 20 exp (—3iw).

Solution
The occurrence of the complex exponential factor in the F'T suggests the time-shift property
with the time shift ¢ = +3 (i.e. a right shift).
From the previous example
inb
F 202200 = ops(#)
SO -
in :
g(t) = FH{2022 e 8wy — 9p. (¢ — 3)
dw
29(1)
2
_9 8 >t
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u Ex

b

-b w
I@I; Find the inverse Fourier Transform of
I\“ - sin 2w
H(w) = 6———e ¥,
w

Firstly ignore the exponential factor and “de-Fourier” (to coin a phrase) the remaining terms:

Your solution

m

Zd — o Zd — = 8 d
(#)°dg {mz ugsg}t_“{ (1) {mZ H{SZ}I_i‘ z =71 Sunmd os

DM

Dd _
()rd = { ———ve},_£
OART OA
Now take account of the exponential factor:
Your solution
9 ¢

1<

@y v

(T7 - l)zdg = {mw—aig}t—i‘ = (1)1{

Mg, U1S

7 = 07 10] WLI09Y} JIYS-owi} oY} JuIs))

Example Find the inverse Fourier Transform of

2
Kw=———
() 14 2(w— 1)
7 HELM (VERSION 1: March 18, 2004): Workbook Level 2

24.2: Properties of the Fourier Transform



Solution

The presence of the term (w — 1) instead of w suggests the frequency shift property.
Hence, we consider first

A~

2
K(w) = —.
1+ 21w
The relevant standard form is ]
Fle u(t)} =
{e u( )} o+ iw
or
F = e “u(t).
{a + iw} e u(t)
. 1
Hence, writing K (w) = +—
5 —+ 1w

k(t) = e 2'u(t).
Then, by the frequency shift property with wg =1

2 1, .
L(t) = F~ M = 1 o=3teity(t).
Here k(t) is a complex time-domain signal.

;_;;.»‘TT:}
| @" Find the inverse Fourier Transforms of
— A sin {3(w — 2m)} el
L =2 2y M =
0 L) =2 o) M) -

Your solution
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1<

(T+ D142 = (Hw
I— = 92 i £yaedoxd yrys swry oy Sutspy (1)
guz[9<l)gd - {(m)rj}[—f - (1)7

1z = 9m yym Ayredoxd yyiys Aouenbedy oty Sutsny (1)

4. Further properties of the Fourier Transform
We state these properties without proof. As usual F'(w) denotes the Fourier Transform of f().

(a) Time differentiation property:

F{I ()} = iwF(w)

(Differentiating a function is said to amplify the higher frequency components be-
cause of the additional multiplying factor w).

(b) Frequency differentiation property:

Ffy =19 o F{0S0) =T

Note the symmetry between properties (a) and (b).
(c) Duality property:
If
F{1)} = F(w)

then
F{F(t)} =2n f(—w).

Informally, the duality property states that we can, apart from the 27 factor, interchange the
time and frequency domains provided we put —w rather than w in the second term, this corre-
sponding to a reflection in the vertical axis. If f(¢) is even this latter is irrelevant.

Example We know that if

0= = {3 e

otherwise
sin w
then Flw) = 2
w
9 HELM (VERSION 1: March 18, 2004): Workbook Level 2

24.2: Properties of the Fourier Transform



Then, by the duality property,

F(2™) = 2mpy () = 211 ()

(since p;(w) is even).

Graphically
AP () AP (w)
1
7 >
1 ] > >
NG 21 (w)
2m
> Fooy
g 11 "w
'ngF-;-
I @" Recalling the Fourier Transform pair
— -2t
ft) = { EQt iz 8 (or f(t) =e 2 for short)
4
F = —
obtain the Fourier Transforms of
. 1 . 1
(i) g(t) = s (ii) h(t) = e 2t.
Your solution for (i). Use the linearity and duality properties.
Your solution
HELM (VERSION 1: March 18, 2004): Workbook Level 2 10

24.2: Properties of the Fourier Transform



" 3
i
T
4
(MDY (D)oY
™M < 1<
T A T
()Y (DY
(¢ ¥ 1+7
(Lrrenp £q) (Mo = le=27, = \m—|579{‘wz ={¢ 1 YL
M+ 7 i
(fyreoury £q) . {mzﬁ{}f
M4y
2 ¥ = {|;\379}f = {(2>a[}.f
OART IA

Your solution for (ii) using the modulation property based on the frequency shift property.

Your solution

(maY

|4
(MH = {|z+m|z—9 + |Z—m|Z—9} v {(Wut<
¢ = 9m yym os

(0 @) + (0 = 2)0) € = (10500 (1)) £

12:500 (1)6 = (1)1 oxer] o
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