Solution using
Separation of Variables 25.3

i
\!'r‘ Introduction

The main topic of this Section is the solution of PDEs using the method of separation of variables.
In this method a PDE involving n independent variables is converted into n ordinary differential
equations. (In this introductory account n will always be 2).

You should be aware that other analytical and also numerical methods are available for solv-
ing PDEs. However, the separation of variables technique does give some useful solutions to
important PDEs.

i
\_1%“ Prerequ iSiteS O some first and second order constant

coefficient ordinary differential equations
Before starting this Section you should ...

\ . O apply the separation of variables method

\!\ Learni ng Outcomes to obtain solutions of the heat conduction
equation, wave equation and 2-D Laplace
equation for specified boundary and/or
initial conditions

After completing this Section you should be
able to ...



1. Solution of Important PDEs

We shall just consider two analytic solution techniques for PDEs:

(a) Direct integration

(b) The method of separation of variables

The latter method is the more important and we will study it in detail shortly.

You should note that many practical problems involving PDEs have to be solved by numerical
methods but that is another story.

The method of direct integration is a straightforward extension of solving very simple ODEs by
direct integration.

'-\..':TI“

-b #
|$I:' Solve the ODE
e d?y

] .2
- @—I +2

d
given that y = 1 when z = 0 and d_y =2 when z = 0.
x

d
Find d_y by integrating once, not forgetting the arbitrary constant of integration
x

Your solution

€ TP

V+2I+— ==

L Np

Now find y by integrating again, not forgetting to include another arbitrary constant.

Your solution

g+ay+ o+ —n

T

Now find A and B by inserting the two given initial conditions:

Your solution

I+2g+ 7+ el _y
T7ZL‘
ST uonjos parmbar oyy os

g =1 soa1 g = (0), [ =g sea8 1 = (0)f
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Consider now a similar type of PDE i.e. one that can also be solved by direct integration.
Suppose we require the general solution of

where u is a function of z and .
Integrating with respect to z gives us

ou 9 4

— =x"e + f(t

o (1)

where the arbitrary function f(¢) replaces the normal “arbitrary constant” of ordinary integra-
tion. This function of ¢ only is needed because we are integrating “partially” with respect to x
i.e. we are reversing a partial differentiation with respect to = at constant ¢.

Integrating again with respect to x gives the general solution:

3

u = %et +a f(t)+ g(t)

where g(t) is a second arbitrary function. We have now obtained the general solution of the
given PDE but to find the arbitrary function we must know two initial conditions.
Suppose, for the sake of example, that these conditions are

B ou o
u(0,t) =t , 8_x(0’t) =e

Inserting the first of these conditions into the general solution gives

g(t) =t

Inserting the second condition into the general solution gives

so the final solution is

.:p.-:.';'_:ﬂ'
|${= Solve the PDE
"'\ e 0%u ]
. - =sinz cos
0xdy 4
subject to the conditions
O oy at y— T 2siny at
— =2r a =—, u=2siny at xr =m.
First integrate the PDE with respect to y: (it is equally valid to integrate first
with respect to x). Don’t forget the appropriate arbitrary function.
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Your solution

_re
(z)f + fiws zurs = "o

SOATS /I 0% 100dsor Y)Im UOIPRISIUL QOUS

(we) fig  figze

Yoty [[e0oy

nej @ @
Since one of the given conditions is on 9z we impose this condition at this stage to determine
x
the arbitrary function f(z):
Your solution
Lo
Tus — xg + fusxuls = - 0g
rus — xg = (1) f 9T xg = (x)f + g/x us x uts

SOAIS UOIYIPUOd oY) g/1 = fi 1y

Now integrate again to determine u

Your solution

(fi)ﬁ+xsoa+zx+fiugsmsoo— =n

SOALS T 09 300dsor )M MOU FUIYRISOIU]

Finally, obtain the arbitrary function g(y)

Your solution

L — T+ fius = (fi)6
fimisg = ()b + 1 — ;2 + fiurs

fiuwisg = (fi)b + 1800 + ,x + fiurs L s0d —

SOAIS fiuts g = (fi‘1)n WOIPUOD oY,

Now write down the final answer for u(z,y)

Your solution

L — T+ Aus+ (fiuls — 1)xs0d 4 & =n
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2. Method of Separation of Variables

In the previous Section we showed that

(a) u(x,y) = sinxcoshy
is a solution of the two-dimensional Laplace Equation
(b) u(z,t) = e 2 'sinmx

is a solution of the one-dimensional heat conduction equation

(©) (e, t) = wpsin (") cos (”Tft)

is a solution of the one-dimensional wave equation.

All three solutions here have a specific form: in (a) u(x,y) is a product of a function of z alone,
viz sin z, and a function of y alone, viz cosh y.

Similarly in both (b) and (c) u(x,t) is a product of a function of = alone and a function of ¢
alone.

The method of separation of variables involves finding solutions of PDEs which are of this
product form. In the method we assume that a solution to a PDE has the form. In a similar
manner to second order differential equations (25.1 p3) if two or more different solutions are
possible, their sum is also a solution.

e.q. if  wu(z,y) = Xi(2)Yi(y) and wu(z,y) = Xo(x)Ys(y) are solutions then so is u(z,t) =
Xi(2)Y1(y) + Xa(2)Ya(y)

u(z,t) = X(x)T(t)

(or u(z,y) = X(2)Y(y))

where X (x) is a function of x only, T'(¢) is a function of ¢ only and Y (y) is a function y only.
You should note that not all solutions to PDEs are of this type; for example, it is easy to verify
that

u(w,y) =z* =y’
(which is not of the form u(z,y) = X(x)Y (y)) is a solution of the Laplace Equation.
However many interesting and useful solutions of PDEs are obtainable which are of the product
form.

We shall firstly consider the types of solution obtainable for our three basic PDEs using trial
solutions of the product form.

Heat conduction equation

9%u ~ 10u

_— = k>0 (1
ox? kot (1)
Assuming that
u = X(x)T(t) ... (2)
= XT for short
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then
ou dX

T A T = X'T for short
0%u d’°X
= = dp T = X"T for short
dT
@ = X— = XT for short
ot dt

Substituting into the original PDE (1)
1

X"T = -XT'
k
which can be re-arranged as
X// 1 T/
X TwT - (3)

Now the left hand side of (3) involves functions of x only and the right hand side expression
contain functions of ¢ only.

Thus altering the value of ¢ cannot change the left hand side of (3) i.e. it stays constant. Hence
so must the r.h.s. be constant. We conclude that 7T'(¢) is a function such that

17’
—— =K ... (4
kT 4)
where K is a constant whose sign is yet to be determined.

By a similar argument, altering the value of x cannot change the right hand side of (3) and
consequently the left hand side must be a constant

X//

=K ... (5)

i.e.
We see that the effect of assuming a product trial solution of the form (2) converts the PDE (1)
into the two ODEs (4) and (5).
Both these ODEs are types whose solution we revised at the beginning of this Unit but we shall
not attempt to solve them yet. In particular the solution of (5) depends on whether the constant
K is positive or negative.

'.-:T|-|

£

-I-- w
|$; By following a similar procedure to the above, assume a product solution

R |

o

u(z,t) = X(x)T(t)

for the wave equation
Pu 1 0% (6)
Or2 2 Ot o
and find the two ODEs satisfied by X (z) and T'(t) respectively.
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0? 0?
First obtain a—;; and a—yz

Your solution

aY el
= — = — 8 =
ul X .0 pue 1,X 0 SOAIL (;l)I(x)X n

Now substitute these results into (6) and transpose so the variables are separated i.e. all func-
tions of x are on the left hand side, all funtions of ¢ on the right hand side.

Your solution
L2 X ’
— = = = ‘Guisodsueny ‘pue , [ Y — = [,X 3938 o
N pue , X[ uX M
Finally, write down the required ODE
Your solution
7P L z?
8) 0=142M — —— 10 M=—"—"
(®) ¢ L.P ul T
pue
z'P X
L) 0=XM——F— 10 §=—
@ X P uX
SOAIS I JURISUOD dUIes 97} 0} SpIS [Yjoq Suryenbr]

Again, the solution of the ODEs (7) and (8) has been revised earlier and in both cases the
solution will depend on the sign of K.

'b".gl—:::
I @" Separating the variables for Laplace’s equation
B v *u

922 T =0

follows similar lines. Obtain the ODEs satisfied by X (x) and Y (y).

Your solution
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(*suorm[os o1} SUIULIIOP [[IM Y] JURISUOD
uorjeredos, o1} Jo USIS o) UrRSe 10& SH() OM) U} Ul SUSIS JUSIOPIP oY) A[njoIed 9joN)

fip A
1) 0=AM+ <= 10 y— ==
(1) AP WX
ztP X
6... 0:)()[_ 10 X‘:_
(6) X P WX

] JUR)SUOD ' 0} 9IS [oes uryenbry

X X
L= 10 0=, AX+AX
WK X 3 3

AX T A T

(M) x(z)x = (fi‘w)n Sutunssy

We shall now study some specific problems which can be fully solved by the separation of
variables method.

Example Solve the heat conduction equation
OPu  10u
ox? 20t
over O0<x<3, t>0 forthe boundary conditions

u(0,t) = u(3,t) =0

and the initial condition
u(z,0) = 5sindrz.

Solution

Assuming u(z,t) = X(z)T'(t) gives rise to the differential equations (4) and (5) with the
parameter k = 2:

dT
— = 2KT
dt

d°X

— = KX

da?

Now the T" equation has general solution
T = A€2Kt

which will increase exponentially with increasing ¢ if K is positive and decrease with t if K is
negative. In any physical problem the latter is the meaningful situation. To emphasise that K
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is being taken as negative we put

K=-)\
SO
T = Ae™ 2,
The X equation then becomes
d’X )
dz? X

which has solution
X(z) = Bcos A\x + C'sin A\x.

Hence
u(z,t) = X(x)T(t)
— (Dcos Az + Esin \z)e N ... (11)
where D = AB and FF = AC.

(You should always try to keep the number of arbitrary constants down to an absolute minimum
by multiplying them together in this way.)

We now insert the initial and boundary conditions to obtain the constant D and F and also the
separation constant \.

The initial condition u(0,%) = 0 gives

(DcosO+ Esin0)e " =0 for all t.

Since sin 0 = 0 and cos 0 = 1 this must imply that D = 0.
The other initial condition u(3,¢) = 0 then gives

Esin(3\)e 2t =0 for all ¢.

We cannot deduce that the constant F has to be zero because then the solution (11) would be
the trivial solution u = 0.
The only sensible deduction is that

sin3\ = 0i.e. 3\ =nm  (where n is some integer).
Hence solutions of the form (11) satisfying the 2 boundary conditions have the form
2’3t
u(x,t) = E,sin (n_gx) e 9

where we have written F,, for F to allow for the possibility of a different value for the constant
for each different value of n.

We obtain the value of n by using the initial condition u(z,0) = 5sin4rz and forcing this
solution to agree with it.

That is,

u(z,0) = E, sin (%) = Hsindnx

so we must choose n = 12 with F5 = 5.
Hence, finally,

2
12 ——(12)%272%t
u(z,t) = 5$n( ;“)e g

— 5sin(drz) e P71
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AT

-b o
| M@" Solve the 1—dimensional wave equation
- : 0% B 1 9%u
0x2 16 Ot2

forO0<x<2, t>0

The boundary conditions are
u(0,t) = u(2,t) =0

(as in the previous example).

The initial conditions are

(i) u(z,0) =6sinmr — 3sindnx

(which is similar to, but slightly more complex, than in the previous example.)
ou

(ii) 5 (x,0)=0
(which has no counterpart in the previous example.)

Firstly using (7) and (8) (or by working from first principles from the product
solution u(x,t) = X (x)7T'(t)) write down the ODEs satisfied by X () and T'(¢).

Your solution

J9T X
= X = —
//LL //X

Now decide on the appropriate sign for K and then write down the solution to these equations.

Your solution

VWS (7 + X700 ) = [,
SOAIS [ X9T— = , [ A[Te[IuIg
TYUWS G + XSOy =X
SSAIB Xz\(_ = //X Uy T,
‘poroadxoe o urd SUOIIN[OS AIOJR[[IDSO o0 M ToIIenDbo oARM o1[] JO 1x03u00 oY} ul ojeridordde ore
UOIYM [, PUe X 10} Suonnjos [eprosnurg sonpoid [[m (,y— = 3 Aes) oarjesou se 3y Sursooy))

Now obtain the general solution u(z,t) by multiplying X (x) by 7'(¢) and insert the two boundary
conditions to obtain information about two of the constants.

Your solution
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‘g = A pue Dg = 5 md pue sjueisuod par[dinul dARY oM 9I9(Mm

z ¢
(7rug s o + 7LUg S0 17 ) <m> uts = (2°7)n
Se UOIJN[O0S A} 9I1IM oM dFe)s ST} Iy

“U I9F9YUT dWOS 10] o - Y T ()= \guls
LU

‘UOTIN[OS [RIALIJ-UOU ® I0J ‘OS

0= (VWS T + IXyS00 D)YZ s g
SOAIS 7 [[e 10 0 = (2°C)"
"0 =T yery sorpdut yorgm

0= (P IS @ + (7500 D)V
SOAIS 7 [[e 10 0 = (2°0)7

(IS @ + XF s D) (ay us g + x( 00y ) = (1'z)n

Now insert the initial condition

0
8—1;(3:,0):0 for all « 0<x<?2.

and deduce the value of F.

Your solution

"0 = 4 Yey} OARY JSNUI oM TDIYM WOI]

_ ¢ — (0x) €
0= J5e (xuu) s = (0°) no
0=177eo0s
(7ug SO0 JJLUZ + JLUZ UTS f LUG—) (L) urs = ©
' reu/) ne

7 0% 10odsox yym Aqrenred Suryeryuooyi(]

Using the other the initial condition

u(z,0) = 6sin(rz) — 3sin(4rx)

deduce the form of u(x,t).

Your solution

11 HELM (VERSION 1: March 18, 2004): Workbook Level 2
25.3: Solution using Separation of Variables



JLQT SOO TLF UIS ¢ — JufS0d TLUIS g = (7°T)N

uornjos o} urejqo om (F) Ul s)msal osoy) Jurs()

"0197 SB UDSOUD (| 0} dARY "4 SIUSIDIJO0D IS0 o) [V "€— = 87

UPIM { = U UDIYM I0J ULIDY O} PUR § = T57 JUOIIJO0D M g = U [IIM STLID] O} A[UO POl IA\
"SOLIOG IOLIMO,] O)TULUL

o1} UI SULID] 9] [[& oImbal jou op om (€]) UOIIPUOD [RIJTUL o1} 1 (GT) UOIIN[OS dY) OYRUL OF,
(*soLI9G IOLIMO] & ‘ST PoopUI PUR ‘OYI[ YONUI AISA SYOO] [OTYM)

1=u
G " o
(¢1) <xuu> urs g:og = (0‘x)n
UOTM TWOIJ
G u o
(ﬂ) (;liLuZ)SO:) (mau) urs HZ — (;z x)n
(¢T) o peajsur ‘oyrim

1SI oM 90USH H(JJ 9Yd 0} UOIIN[OS PI[eA ® 9ARY [[I3S PuR (g ) wLIof oY) jo suornjos asodradns
‘30€] Ut wed am pue o[qe)dede ST U Jo anfea Ia8ojul oA1Isod Aue ‘(Z]) UOIIN[OS o) Ul I9ASMOF]

“(e1) Agstyes
0} SN J[RUD [[IM U JO 9N[RA J[SUIS OU dsneda(q AJiqejeduroour sARy 0} Wds om jurtod SI) 1y

(L> us ;7 = (0‘z)n

TLU
s1se88ns (gT) wormios mo ur () = 7 Surgind ‘esnesaq o9FurIIS SIS SIY T,
(e1) - TupUIsSE — rrUsg = (O ‘T)n
UOT}IPUOD [RIHIUL 9} "ZIA UOIIPUOD [RUY O} }IOSUI 0) OARY MO DA\
. ¢ (¢
(T1) (7ug)soo (xuu) us g = (72°7)n

Spead UONIOSs o) SBEJS S} VW

The above solution perhaps seems rather involved but there is a definite sequence of logical steps
which can be readily applied to other similar problems.
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