Numerical integration 31.2

i %
\!{r Introduction

In this Section we will present some methods that can be used to approximate integrals. At-
tention will be paid to how we ensure that such approximations can be guaranteed to be of a
certain level of accuracy.

') . .
h‘.‘ Pre requ Isites O review previous material on integrals and
integration
Before starting this Section you should ...

\1:-,“ Learning OUtCOmeS [ approximate certain integrals

U be able to ensure that these approxima-

After completing this Section you should be tions are of some desired accuracy

able to ...



1. Numerical integration

The aim in this Section is to describe numerical methods for approximating integrals of the form

/ab f(z)dx

One motivation for this is in the material on probability that appears in Workbook 38. Normal
distributions can be analysed by working out

/b 1 _x2/2d
— € ua
o V27

for certain values of a and b. It turns out that it is not possible, using the kinds of functions
most engineers would care to know about, to write down a function with derivative equal to
\/L— e~**/2 and values of the integral are approximated instead. Tables of numbers giving the
value of this integral for different interval widths appeared at the end of Workbook 39, and it
is known that these tables are accurate to the number of decimal places that were given. How
can this be known? One aim of this Section is to give a possible answer to that question.

It is clear that, not only do we need a way of approximating integrals, but we also need a way of
working out the accuracy of the approximations if we are to be sure that our tables of numbers
are to be relied on.

In this Section we will address both of these points. Let us begin with a simple approximation
method.

2. The simple trapezium rule

The first approximation we shall look at involves finding the area under a straight line, rather
than the area under f. The following diagram shows it best.

/f(X)

f(b)

fla)

We approximate as follows

b
/ f(z)de = grey shaded area

area of the trapezium surrounding the shaded region

= width of trapezium x average height of the two sides

= 10-a) (f(a) + f)
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i
\'_-i\ Key Point
b
The simple trapezium rule for approximating f(z)dx is given by approximating the area
under the graph of f by the area of a trapezium(.l

To put it another way,
b

f@)dz = 3(b—a) (f(a) + f(b))

a

Or, to put it yet another way that may prove helpful a little later on,

b
/ f(z)dz ~ 1 x (interval width) x( f(left-hand end) +  f(right-hand end) )

Next we show some instances of implementing this method.

Example Approximate each of these integrals using the simple trapezium rule

(a) /0 W/4sin(w)dyc (b) /1 2 e Pdz (e /0 2 cosh(z)dz

Solution

(a) /Oﬂ/4 sin(z)dz ~ %(b — a)(sin(a) +sin(b)) = ! (% — O) <O + %) = 0.27768,

:
2 1 1
(b) / e 24z ~ = (b — a) <e—a2/2 + e_b2/2> =5 (1= 0) (72 +¢7%) = 0.37093,
1

2
2

(c) / cosh(z)dzr ~ %(b —a) (cosh(a) 4 cosh(b)) = % (2 —0) (1 + cosh(2)) = 4.76220,

0
where all three answers are given to 5 decimal places.

It is important to note that, although we have given these integral approximations to 5 decimal
places, this does not mean that they are accurate to that many places. We will deal with the
accuracy of our approximations later in this Section.

Next are some exercises for you to try.
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|®a Approximate these integrals using the simple trapezium method
N
5 2
@ [ Vi () [ e
1 1

Your solution

— (@1 + (o)) (v — )& ~ ap(a)u / (@)
PICLY 9 = <g/\+1> (1—9)% = (2/\+2/\> (v —4q

L597¢°0 = ((@)ur +0) (0 — 1)

— |

The answer you obtain for this next exercise can be checked against the table of results in the
Workbook concerning normal distributions.

A Eg_ ™

£

= . 1
= d 1
I$" Use the simple trapezium method to approximate / e~ 2dy
'\\ "—-'IL 0o vV 2

Your solution

"sooe[d [ewep ¢ 0}

ng, e 1y, 0
O0ZE 0 = (g2 + ”_T% ~ D] R TPy % /
T

Yety} puy o

b
So we have a means of approximating / f(z)dz. The question remains whether or not it is a
a

good approximation.
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How good is it?

We define e, the error in the simple trapezium rule to be the difference between the actual
value of the integral and our approximation to it, that is

r= [ 1@ — 30 (5 + 1)

It is enough for our purposes here to omit some theory and skip straight to the result of interest.
In many different text books on the subject it is shown that

er = —%(b - a)3f”(c)

where ¢ is some number between a and b. (The principal drawback with this expression for ep
is that we do not know what ¢ is, but we will find a way to work around that difficulty later.)
It is worth pausing to ask what meaning we can attach to this expression for er. There are two
factors which can influence er:

1. If b — a is small then, clearly, e; will also be small. This seems sensible enough - if the
integration interval is a small one then there is “less room” to accumulate a large error.
(This observation forms part of the motivation for the composite trapezium rule discussed
later in this Section.)

2. If f” is small everywhere in a < x < b then er will be small. This fact reflects the fact
that we worked out the integral of a straight line function, instead of the integral of f. If
f is a long way from being a straight line then f” will be large and hence so will the error
er.

We noted above that the expression for e is less useful than it might be because it involves
the unknown quantity ¢. We perform a trade-off to get around this problem. The expression
above gives an exact value for e, but we do not know enough to evaluate it. So we replace the
expression with one we can evaluate, but it will not be exact. We replace f”(c) with a worst
case value to obtain an upper bound on er. This worst case value is the largest (positive or
negative) value that f”(z) achieves for a < x < b. This leads to

(b—ap

<
ler| < max D

a<z<b

f'(@)

We summarise this in a Key Point.

v
\!"\“ Key Point

b
The error, |er|, in the simple trapezium approximation to / f(x)dz is bounded above by

(b—a)’
12

f'(@)
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Example Work out the error bound (to 6 decimal places) for the simple trapezium
method approximations to

(a) /0 W/4sin(x)dx (b) /0 2 cosh(z)dz

Solution

In each case the trickiest part is working out the maximum value of f”(x).
(a) Here f(z) = sin(x), therefore f'(x) = —cos(z) and f”(z) = —sin(z). The function sin(z)
takes values between 0 and % when x varies between 0 and 7/4. Hence

o < L @/

7 15 = 0.028548 to 6 decimal places.

(b) If f(x) = cosh(x) then f”(z) = cosh(z) too. The maximum value of cosh(z) for = between
0 and 2 will be cosh(2) = 3.762196, to 6 decimal places. Hence, in this case,

2 _ 3
er < (3.762196) x ( 120) = 2.508130 to 6 decimal places.

(In this example we used a rounded value of cosh(2). To be on the safe side, it is best to round
this number up to make sure that we still have an upper bound on er. In this case of course,
rounding up is what we would naturally do, because the seventh decimal place was a 6.)

e " Work out the error bound (to 5 significant figures) for the simple trapezium
\\5 . method approximations to

(a) /1 CJrde (b) /1 n(a)da

Your solution

(a)
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(b)

¢l
€Eee800 = 1 X 1>d9
€
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One deficiency in the simple trapezium rule is that there is nothing we can do to improve it.
Having computed an error bound to measure the quality of the approximation we have no way
to go back and work out a better approximation to the integral. It would be preferable if there
were a parameter we could alter to tune the accuracy of the method. The following approach
uses the simple trapezium method in a way that allows us to adjust the accuracy of the answer

we obtain.

7 HELM (VERSION 1: April 21, 2004): Workbook Level 1
31.2: Numerical Methods of Approximation




3. The composite trapezium rule

The general idea here is to split the interval [a, b] into a sequence of N smaller subintervals of
equal width h = (b—a)/N. Then we apply the simple trapezium rule to each of the subintervals.
The first diagram below shows the case where N = 2 (and .. h = £(b—a)). To simplify notation
later on we let fo = f(a), fi = f(a+ h) and fo = f(a + 2h) = f(b).

Ax)
f2/

Applying the simple rule to each subinterval we get

b
/ f(z)dx =~ (area of first trapezium) + (area of second trapezium)
= $h(fo+ f1)+ 5h(fi + fo) = 3h (fo +2f1 + fz)

where we remember that the width of each of the subintervals is h, rather than the b — a we had
in the simple trapezium rule.

The next improvement will come from taking N = 3 subintervals. Here h = £(b — a) is smaller
than in the diagram above and we denote fo = f(a), fi = f(a + h), fo = f(a + 2h) and
fs = f(a+ 3h) = f(b). (Notice that f; and f, mean something different than they did in the
N = 2 case.)

f(x)
f3/
T, 2
; f/
\/
h
a b X

As the diagram shows, these approximations are getting closer and closer to the grey shaded
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Q

area and in this case we have
b
[ r@de ~ Sh(fot £+ B0l + )+ 3h(f+ 1)
= (o 20+ R+ ).

The pattern is probably becoming clear by now, but here is one more improvement. In the

diagram below N =4, h = 1(b — a) and we denote fy = f(a), fi = f(a+h), fo = f(a + 2h),
fs = fla-+3h) and fi = f(a+4h) = f(b).
f/f(X)

Y

f2/
/, /;
h
a b ;x

This leads to
sh(fo+ fu) + 5h(fr + fo) + 5h(f2 + f3) + +50(f3 + f4)

/abf(x)dx
= 1 (fo +20+ Lot Sl + ).

We generalise this idea into the following Key Point.

Q

L3
\!‘i‘ Key Point

b
The composite trapezium rule for approximating / f(z)dx is carried out as follows:
a

1. Choose N, the number of subintervals,

b
2. / J)de = 3 (fo 420+ ot + Iyl + T,

where

_b—a

h
N Y

f():f(a), flzf(a+h),,fn:f(a+nh),,
and fy = f(a+ Nh) = f(b).
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Example Using 4 subintervals in the composite trapezium rule, and working to 6 decimal
places, approximate

2
/ cosh(x)dx
0

Solution

In this case h = (2 —0)/4 = 0.5.
We require cosh(z) evaluated at 5 z-values and the results are tabulated below

x| fn = cosh(z,)
0 1.000000
0.5 1.127626

1 1.543081
1.5 2.352410

2 3.762196

to 6 decimal places. It follows that

Q

%h(fo + fa+2[f1 + fo+ f3])

— 1(0.5) (1 + 3.762196 + 2[1.127626 + 1.543081 + 2.35241])
= 3.452107

2
/ cosh(x)dx
0

_'b L
I@; Using 4 subintervals in the composite trapezium rule approximate

& 2
/1 In(z)dz

Your solution
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How good is it?

We can work out an upper bound on the error incurred by the composite trapezium method.
Fortunately, all we have to do here is apply the method for the error in the simple rule over and
over again. Let e} denote the error in the composite trapezium rule with N subintervals. Then

lef| < max |f’(x) g +  max |f"(z) e + +  max |f"(x) ”
T - 1st subinterval 12 2nd subinterval 12 Y last subinterval ]_2
3
_ h " 4 1
= — max |f"(z)] + max |f"(z)| + ... + max |f"(x)|]).
12 N 1st subinterval 2nd subinterval last subinterval ,
Vv
N terms

This is all very well as a piece of theory, but it is awkward to use in practice. The process of
working out the maximum value of |f”| separately in each subinterval is very time-consuming.
We can obtain a more user-friendly, if less accurate, error bound by replacing each term in the
last bracket above with the biggest one. Hence we obtain

3
|e¥}§?—2( N max

a<z<b

f'(@) )

This upper bound can be rewritten on recalling that Nh = b — a, and we now summarise the
result in a key point.
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L}

\'_-i\ Key Point

b
, in the N-subinterval composite trapezium approximation to / f(z)dzx is
a

The error, ‘ el

bounded above by

This formula can be used to decide how many sub-intervals to use to guarantee a specific
accuracy.

Example The function f is known to have a second derivative with the property that
|f" ()] < 12

for  between 0 and 4. Using the error bound given earlier in this Section
determine how many subintervals are required so that the composite trapezium

rule used to approximate
4
/ f(z)dx
0

can be guaranteed to be accurate to 3 decimal places. (In other words we
require it to have an error in it that is less than § x 1073.)

Solution

We require that

b— a)h?
12 x L= 005
12
that is
4h? < 0.0005.

This implies that A% < 0.000125 and therefore h < 0.0111803.
Now N = (b—a)/h =4/h and it follows that

N > 357.7708

Clearly, N must be a whole number and we conclude that the smallest number of subintervals
which guarantees an error smaller than 0.0005 is N = 358.

It is worth remembering that the error bound we are using here is a pessimistic one. We
effectively use the same (worst case) value for f”(x) all the way through the integration interval.
Odds are that fewer subintervals will give the required accuracy, but the value for N we found
here will guarantee a good enough approximation.

Next are two exercises for you to try.
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- L
| @" The function f is known to have a second derivative with the property that
/" (z)] < 14

for x between —1 and 4. Using the error bound given earlier in this Section
determine how many subintervals are required so that the composite trapezium

rule used to approximate
4
| #a)a
-1

can be guaranteed to have an error in it that is less than 0.00001.

Your solution
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-b w
|$ﬁ It is given that the function e=**/2 has a second derivative that is never greater
I"\ than 1 in absolute value.

(a) Use this fact to determine how many subintervals are required for the
composite trapezium method to deliver an approximation to

that is guaranteed accurate to 2 decimal places.

ind an approximation to the integral that is accurate to ecima
b) Find imati to the integral that i te to 2 decimal
places.

Your solution
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4. Other methods for approximating integrals

Here we briefly describe other methods that you may have heard, or get to hear, about. In the
end they all boil down to the same sort of thing, that is we sample the integrand f at a few
points in the integration interval and then take a weighted average of all these f values. All
that is needed to implement any of these methods is the list of sampling points and the weight
that should be attached to each evaluation. Lists of these points and weights can be found in
many books on the subject.

Simpson’s rule

This is based on passing a quadratic through three equally spaced points, rather than passing
a straight line through two points as we did for the simple trapezium rule. The composite
Simpson’s rule is given in the following Key Point.

L3
\!‘i‘ Key Point

b
The composite Simpson’s rule for approximating / f(z)dx is carried out as follows:
a

1. Choose N, the | even | number of subintervals,

2. (Just to be clear, let us restate that N must be an even number)

b
3. f(x)dx%%h(fo +4lfitfat+ st F vl F2fet fat fo+ o+ fnoo] + fN)

a

f():f(a), flzf(a+h),,fn:f(a+nh),,
and fy = fla+Nh) = f(b).

The formula in this Key Point is slightly more complicated than the corresponding one for
composite Trapezium rule. One way of remembering the rule is the learn the pattern

1424242 ... 424241

which show that the end point values are multiplied by 1, the values with odd-numbered sub-
scripts are multiplied by 4 and the interior values with even subscripts are multiplied by 2.
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Example Using 4 subintervals in the composite Simpson rule approximate

2
/ cosh(x)dz.
0

Solution

In this case h = (2 —0)/4 = 0.5.

We require cosh(z) evaluated at 5 z-values and the results are tabulated below

Ty | fn = cosh(z,)
0 1
0.5 1.127626
1 1.543081
1.5 2.35241
2 3.762196

It follows that

2
/ cosh(x)dx
0

Q

%h(fo +4fi +2fo+4fs+ fa)

= 1(0.5) (1+4 x 1127626 + 2 x 1.543081 + 4 x 2.35241 + 3.762196)
—  3.628083,

where this approximation is given to 6 decimal places.

2
This approximation to / cosh(z)dz is closer to the true value of sinh(2) = 3.626860 (to 6

0
decimal places) than we obtained when using the composite Trapezium rule with the same
number of subintervals.

£

-b o
I%‘ Using 4 subintervals in the composite Simpson rule approximate

o=l )
/1 In(z)dz.

Your solution
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How good is it?

On page 77 of this Workbook we saw a formula for an upper bound on the error in the composite
trapezium method. A corresponding result for the composite Simpson’s rule also exists and is
given in the following Key Point.

L
\!"i‘ Key Point

b
The error in the N-subinterval composite Simpson approximation to / f(z)dx is bounded
a

above by . i
(iv) W—a)h
Dax |f m‘ 180

(Here f%) is the fourth derivative of f.)

This formula can be used to decide how many sub-intervals to use to guarantee a specific
accuracy.
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Example The function f is known to have a fourth derivative with the property that
[f ()] <5

for x between 1 and 5 . Determine how many subintervals are required so that
the composite trapezium rule used to approximate

/15 f(z)dx

incurs an error that is less than 0.005 .

Solution

We require that
474

5 x —L < 0.005
180

This implies that h* < 0.000703 and therefore h < 0.162839.
Now N =4/h and it follows that
N > 24.56416

For the composite Simpson’s rule N must be an even whole number and we conclude that the
smallest number of subintervals which guarantees an error smaller than 0.005 is N = 26.

-b{ o
I%‘ The function f is known to have a fourth derivative with the property that

el

| f) ()] < 12

for x between 2 and 6 . Determine how many subintervals are required so that
the composite trapezium rule used to approximate

/2 6 f(x)dz

incurs an error that is less than 0.0005 .

Your solution
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The following exercise is similar to one that we saw earlier in this Section. Using the composite
Simpson’s rule we can achieve greater accuracy, for a similar amount of effort, than we managed
using the composite trapezium rule.

.b{."; T:?

& It is given that the function e=*"/2 has a fourth derivative that is never greater
\\5 —= . than 3 in absolute value.

(a) Use this fact to determine how many subintervals are required for the
composite Simpson’s rule to deliver an approximation to

1
1 2
—z=/2
— dx
/0 V2T

that is guaranteed accurate to 4 decimal places.

(b) Find an approximation to the integral that is accurate to 4 decimal
places.

Your solution

19 HELM (VERSION 1: April 21, 2004): Workbook Level 1
31.2: Numerical Methods of Approximation



"sooe[d [RWIDOP INOJ 0}
SUIPUNOI Ul I0LI® 9Y) URY) S0 Aq Ioxrd ul st uorjewixordde smyy jey) (e) jred WOI) MOWY dA\
"soor(d [RWIDLD 9 01 ULAIS ST uoryewixordde siy) o107

GGeTFeE 0 =
(TL6TFC 0 + LETTOE0 X T+
G90TSE0 X T + 89998¢°0 X ¥ + ¢¥686€°0) (GZ'0)

(" + 8+ e+ Yr+oNut ~ wpy .2

€
[

=/

jeq) sSmOT[o] 11

1L61VC0 I
LETTOE0 | GL°0
g90cse’0 | 90
89998¢°0 | 420
¢r686¢€°0 0
e
o/ 4a—? _T/\ i

MO[Oq PIjRN(R) OIv SINSAI oY)

xg A

pU® SONRA-T DA 1% POJRI[RAD )/ , 2 oxmbar op\ 6z'0 = ¥/(0 — 1) = y osed siyy uf (q)
1

“Aoeinooe oor[d [RWINAP § 99jURIRNS

0} PUNOq I0LId 9} 10} f = N I0J ATRSSOOOU ST 31 ‘y /T = N 9OUIS “DI0JOIO) PUR §GT1GL00°0 > Y

Jer[) surewW SIY [, ‘Adernooe ooe[d [ewoep § I10J ‘GO000'(0 > qo(ff_q)%/\ Jet]} oxmbar op\ ()
viv

Gaussian quadrature

The idea with this class of methods is to be a bit more flexible with where the function is
evaluated. By “tuning” where the function is sampled it is possible to derive methods which
have various desired properties. There are several different versions of Gaussian quadrature,
each having different designed properties. For example there is (in alphabetical order) Gauss
Chebychev, Gauss Hermite, Gauss Laguerre, Gauss Legendre, Gauss Lobatto, the list goes on
and is increased somewhat by the various ways in which Chebychev’s name has been translated
into English.
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Exercises

1. Using 4 subintervals in the composite trapezium rule approximate

/1  Jrde.

2. The function f is known to have a second derivative with the property that

21

/()] < 12

for x between 2 and 3. Using the error bound given earlier in this Section determine how
many subintervals are required so that the composite trapezium rule used to approximate

/2 3 f(2)da

can be guaranteed to have an error in it that is less than 0.001.

Using 4 subintervals in the composite Simpson rule approximate
5
/ Vadz.
1

The function f is known to have a fourth derivative with the property that
| ()| <6

for « between -1 and 5 . Determine how many subintervals are required so that the
composite trapezium rule used to approximate

/i f(x)dz

incurs an error that is less than 0.001 .
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