Lines and Planes 9.5

i %
\!'t\ Introduction

Direction ratios provide a convenient way of specifying the direction of a line in three dimensional
space. Direction cosines are the cosines of the angles between a line and the coordinate axes.
In this Section we show how these quantities are calculated.

Vectors are very convenient tools for analysing lines and planes in three dimensions. In this
Section you will learn how to formulate the vector equation of a line and the vector equation of
a plane.
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1. The Direction Ratio and Direction Cosines
Consider the point P(4,5) and its position vector 47 + 55 shown in Figure 1.
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Figure 1.

The direction ratio of the vector OP is defined to be 4:5. We can interpret this as stating
that to move in the direction of the line OP we must move 4 units in the = direction for every
5 units in the y direction. .

The direction cosines of the vector OP are the cosines of the angles between the vector and
each of the axes. Specifically, referring to Figure 1 these are

cosaw and  cosf

Noting that the length of OP is V42 £ 52 = \/41 we can write
)

cosa = —— cosff = —

NIV VAT
It is conventional to label the direction cosines as ¢ and m so that
4 5

= , m= —
V4l V4l

More generally we have the following result:
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For any vector r = ai + bj, its direction ratio is a : b. Its direction cosines are

b

a
(= — m=———
Va? + b2 Va? + 2
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Example Point A has coordinates (3,5), and point B has coordinates (7, 8).

a) Write down the vector AB. b) Find the direction ratio of the vector AB.
c) Find its direction cosines, £ and m. d) Show that 2 +m? =1

Solution
—

a) AB =b—a = 4i+3j. b) The direction ratio of AB is therefore 4:3. ¢) The direction cosines

are
4 4 3
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The final result in the previous example is true in general:
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If ¢ and m are the direction cosines of a vector lying in the zy plane, then ¢? +m? = 1

Exercises

1. P and @ have coordinates (—2,4) and (7, 8) respectively.
— —
a) Find the direction ratio of the vector P() b) Find the direction cosines of P(Q).
L6/ L6/
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2. Direction Ratios and Cosines in Three Dimensions

The concepts of direction ratio and direction cosines extend naturally to three dimensions.
Consider Figure 2.

Given a vector r = ai + bj + ck its direction ratios are a : b : ¢. This means that to move in
the direction of the vector we must must move @ units in the z direction and b units in the y
direction for every ¢ units in the z direction.

The direction cosines are the cosines of the angles between the vector and each of the axes. It
is conventional to label direction cosines as ¢, m and n and they are given by

a b c
{=cosa=——=, Mm=cosff=————=, N=C0C087= —F————
Va2 +b? 4 ¢ va?+b? +c? va?+b? 4 c?
In general we have the following result:
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Figure 2.
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For any vector r = ai + bj + ck its direction ratios are a : b : c. Its direction cosines are

a b c

pe>——1 Tn/_—7 n—=——m——
va?+b? +c? va?+b? +c? Va2 +b? 4 ¢

where 2 +m? +n?> =1

Exercises

1. Points A and B have position vectors a = —3i + 2j + Tk, and b = 3i + 47 — 5k respectively.
Find—> — —_— —
a) AB b) |AB| c¢) the direction ratios of AB d) the direction cosines (¢, m,n) of AB.
e) Show that (2 +m? +n? = 1.
—
2. Find the direction ratios, the direction cosines and the angles that the vector O P makes with
each of the axes when P is the point with coordinates (2,4,3).
3. A line is inclined at 60° to the x axis and 45° to the y axis. Find its inclination to the z axis.
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3. The Vector Equation of a Line

Consider the straight line APB shown in Figure 3. This is a line in three-dimensional space.

z
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Figure 3.

Points A and B are fixed and known points on the line, and have position vectors a and b
respectively. Point P is any other arbitrary point on the line, and has position vector r. Note
that because AB and AP are parallel, AP is simply a scalar multiple of AB, that is, AP =tAB
where ¢ is a number.

Your solution

ST
|
|
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Use the triangle law for vector addition to find an expression for r in terms of
a, b and t.

Your solution

5 HELM (VERSION 1: March 18, 2004): Workbook Level 1
9.5: Lines and Planes



Je1} 08

The answer to the above exercise r = a + t(b — a) is the vector equation of the line through
A and B. It is a rule which gives the position vector r of a general point on the line in terms
of the given vectors a,b. By varying the value of ¢ we can move to any point on the line. For
example, when

t=0, the equation gives r =a, which locates point A

t=1, the equation gives r=2>, which locates point B

If 0 <t < 1 the point P lies on the line between A and B. If t > 1 the point P lies on the line
beyond B. If t < 0 the point P lies on the line beyond A to the left of the figure.

L}
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The vector equation of the line through points A and B with position vectors a and b is

r=a+tb—a)

-'_\_\-\_\.
ol B
) &

‘@B " Write down the vector equation of the line which passes through the points
% = with position vectors a = 37 + 2j and b= T7i + 5]

Your solution
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le+mw=(lg+7)— (lg+7)=D—7

‘@B |° Write down the vector equation of the line which passes through the points
I'Mh ~./ with position vectors @ = 5i — 2j + 3k and b = 2i + j — 4k.

Your solution

L= €
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Cartesian form

On occasions it is useful to convert the vector form of the equation of a straight line into cartesian
form. Suppose we write

aq bl X
a=1az|, b=1|b2], r=1v
as bg z
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then r = a + t(b — a) implies

Xz aq b1 — ay ay + t(bl — al)
Yy = ag +t b2 — ag = as + t(bg — CLQ)
z as b5 — as as + t(l75 — ag)

Equating the individual components we find

r—a

x=a;+t(by —ay), or equivalently ¢ = !
1~ a1

—a

Yy = as + t(by — as), or equivalently ¢ = A
b2 — Q9

zZ—a

z = a3+ t(bs — asz), or equivalently t = 5
3 — as

Each expression on the right is equal to ¢ and so we can write

Tr — aq Y — Qs Z — asg
by —a; by — as bz — as

This gives the cartesian form of the equations of the straight line which passes through the
points with coordinates (aq, as, az) and (by, by, b3).

L3
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The cartesian form of the equation of the straight line which passes through the points with
coordinates (a1, as, as) and (by, by, b3) is

T — aq Y — Qg Z — as

by —ay by — as by — as

Example a) Write down the cartesian form of the equation of the straight line which
passes through the two points (9,3, —2) and (4,5, —1).
b) State the equivalent vector equation.
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Solution
a)
r—9 y—3  z—(-2)
4-9 5-3 —1-—(-2)
that is
r9_y-3s_zt2? (cartesian form)
-5 2 1
The vector equation is
r = a+tlb—a)
9 4 9
= 31+t 5]1—-131])
-2 -1 -2
9 -5
= 3 |+t 2
—2 1
Exercises

1.a) Write down the vector AB joining the points A and B with coordinates (3,2,7) and (—1, 2, 3)
respectively.

b) Find the equation of the straight line through A and B.
2. Write down the vector equation of the line passing through the points with position vectors
p=31+7j—2kand ¢ = =31+ 2j + 2k. Find also the cartesian equation of this line.

3. Find the vector equation of the line passing through (9,1,2) and which is parallel to the vector
(1,1,1).

I e
_ i G— 9—
e+ |1 € eanrily ey . J wersagre))
I 6
4 ¢ - L
a— |2+ 2| =7 0 |#+|c|=2(qQ Fy—m— (e T smMsuy
9— € - €

4. The Vector Equation of a Plane

Consider the plane shown in Figure 4. Suppose that A is a known point in the plane and has
position vector a. Suppose that P is any other arbitrary point in the plane with position vector

—
r. Clearly the vector AP lies in the plane.
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Figure 4.

B g

£

< »
|@1 Referring to Figure 4, find the vector 1TP in terms of ¢ and r.

o

Your solution

D— a4

Also shown in Figure 4 is a vector which is perpendicular to the plane and denoted by n.

Yy L
iy - —
|$" What relationship exists between n and the vector AP?

Your solution

Hint: think about the scalar product.
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The answer to the above exercise r.n = a.n is the equation of a plane, written in vector form,
passing through A and perpendicular to n.

L3
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A plane passing through the point with position vector a, and perpendicular to the vector n
has equation

rn=an

In this formula it does not matter whether or not n is a unit vector. If n is a unit vector then
a.n represents the perpendicular distance from the origin to the plane which we usually denote
by d (for details of this see Section 9.3). Hence we can write

=d

S

T.

This is the equation of a plane, written in vector form, with unit normal n and which is a
perpendicular distance d from O.

L
\!"i‘ Key Point

A plane with unit normal n, which is a perpendicular distance d from O is given by

rn=d

Example a) Find the vector equation of the plane which passes through the point with
position vector 3i + 2j + 5k and which is perpendicular to i + k.
b) Find the cartesian equation of this plane.
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Solution

so that

a) Using the previous results we can write down the equation
r(i+k)=(3i+2j+5k).(i+k)=3+5=38

b) Writing r as xi + yj + zk we have the cartesian form:

(vi+yj+zk).(i+k) =38

T+ z=28

I@h a) Find the vector equation of the plane through (7,3, —5) for which
I"\ —ts n=(1,1,1) is a vector normal to the plane.
b) What is the distance of the plane from O?

Your solution
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Exercises

1. Find the equation of a plane which is normal to 8 + 9j + k£ and which is a distance 1 from
the origin. Give both vector and cartesian forms.

2. Find the equation of a plane which passes through (8,1,0) and which is normal to the vector
1+ 25 — 3k.

3. What is the distance of the plane r. <%> = 5 from the origin?
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