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Learning outcomes

In this Workbook you will learn about scalar and vector fields and how physical quantities
can be represented by such fields. You will be able to 'differentiate’ such fields i.e. to find
how rapidly the scalar or vector field varies with position. Depending on whether the
original function and the intended derivative are scalars or vectors, there are three such
derivatives known as the ‘gradient’, the 'divergence’ and the 'curl’. You will be able to
evaluate these derivatives for given fields. In addition, you will be able to work out the
derivatives while using polar coordinate systems.




Background to Vector
Calculus 28.1

Q Introduction

Vector Calculus is the study of the various derivatives and integrals of a scalar or vector function of
the variables defining position (z,y,2) and possibly also time (¢). This Section considers functions of
several variables and introduces scalar and vector fields.

e be familiar with the concept of a function of \
two variables

% PrereqHISIteS e be familiar with the concept of partial

Before starting this Section you should . .. differentiation

e be familiar with the concept of vectors /

% Learning Outcomes e state the properties of scalar and vector fields

On completion you should be able to e work with a vector function of a variable
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1. Functions of several variables and partial derivatives

These functions were first studied in HELM 18. As a reminder:

e a function of the two independent variables = and y may be written as f(z,y)

2 2 2
e the first and second order partial derivatives are —f B_f o) oF and o7 :
Ox' dy' 0x2" Oy? 0xdy
Consider, for example, the function f(z,y) = 2? + 52y + 3y* + 1. The first and second partial
derivatives are

aof

9 2x + by (differentiating with respect to z keeping y constant)

x

0 : L . :

8_f = bx+ 1247 (differentiating with respect to y keeping = constant)
Y

02 f o (0f 0
i %(%)_0_(2“5”_2
0

o0 f o (0f 2
s 2 (2L 1243) =
oy ( ) 8y (5$ Y ) 36y

oy? oy
0 f 0 f af 0
oxdy 8y8x ay (8:{;) 83/ (2 +5y) =5

The number of independent variables is not restricted to two. For example, if u is a function of the
three variables =, y and 2z, say u = 2% +y? + 2% then:

ou ou ou 0%u 0%u 0%u
T gy g, T_o, TU_o TU_, TU_,
ar D oy Y 8z “ B T Oy? T022
Similarly, if u is a function of the four variables z, y, z and t say u = xy*2%¢" then
ou 54, Ou 5 0*u

= ry’2’e, = 6ay’ze’, etc.

ox V7S o 022

2. Vector functions of a variable

Vectors were first studied in HELM 9. A vector is a quantity that has magnitude and direction and
combines together with other vectors according to the triangle law. Examples are (i) a velocity of
60 mph West and (ii) a force of 98.1 newtons vertically downwards.

It is often convenient to express vectors in terms of ¢, j and k, which are unit vectors in the z, y and
z directions respectively. Examples are a = 3i +4j and b =2 — 2j +k

The magnitudes of these vectors are |a| = v/32+42 =5 and |b] = /22 + 2 412 = 3 respec-
tively. In this case a and b are constant vectors, but a vector could be a functlon of an independent
variable such as ¢ (which may represent time in certain applications).

Example 1
A particle is at the point A(3,0). At time ¢t = 0 it starts moving at a constant
speed of 2 m s in a direction parallel to the positive y-axis. Find expressions for

T

the position vector, r, of the particle at time ¢, together with its velocity v = ZZ

2
and acceleration ¢ = 275.
HELM (2015): 3
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Solution

In the first second of its motion the particle moves 2 metres to B and it moves a further 2 metres in
each subsequent second, to C, D, .... Because it moves parallel to the y-axis its velocity is v = 27.
As its velocity is constant its acceleration is a = 0. -
The position of the particle at t = 0, 1,2, 3 is given in the table.

Time t 0 1 2 3
Position r | 31 | 3i+2j | 3i+4j | 3i+ 65

In general, after ¢ seconds, the position vector of the particle is r = 3¢ + 25

Example 2

The position vector of a particle at time ¢ is given by r = 2ti + th' . Find its
equation in Cartesian form and sketch the path followed by the particle.

Tabulating r = zi + yj at different times ¢:

Time ¢ | 0 1 2 3 4
z |0 2 4 6 8
y |0 1 4 9 16
r 0] 2+j 4i+4j Gi+9j 8i+ 165

Solution

To find the Cartesian equation of the curve we eliminate ¢ between x = 2t and y = t>. Re-arrange
xr=2ast= %x . Theny =t> = (%13)2 = ixQ , which is a parabola. This is the path followed by
the particle. See Figure 1.

AY

16

Figure 1: Path followed by a particle
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In general, a three-dimensional vector function of one variable ¢ is of the form

u=xz(t)i+y(t)j+z(t)k

Such functions may be differentiated one or more times and the rules of differentiation are derived
from those for ordinary scalar functions. In particular, if w and v are vector functions of ¢ and if ¢ is
a constant, then:

Rule 1. %(gjty):%ﬂLfl—%

Rule 2. %(cg) :c%

Rule 3. %(g-y)—wd—erd—%-y
Rule 4. %(gxg):gx%+%xy

Also, if a particle moves so that its position vector at time ¢ is r(t) = x(t)i + y(t)j + z(t)k then the
velocity of the particle is

dr . dx(t).  dy(t) . = dz(t) o
U TR T P L g R UL AR
and its acceleration is
dv d’r . dPxt). dPy(t) . d*z(t) e
=g T T T e VT e At e BT EA IR
Example 3
Find the derivative (with respect to t) of the position vector r = #%i + 3ty +4k.
Also find a unit vector tangential to the curve traced out by the position vector at
the point where t = 2.
Solution

Differentiating r with respect to ¢,

d[_

dt

r =

2t1+ 35
o)
7(2) =4i+3j
A unit vector in this direction, which is tangential to the curve, is
r(2)  Ait3j 4 3

o = =it ]
i) VPt 5 @ 5L

HELM (2015): 5
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Example 4

For the position vectors (i) r = 3i + 2tj and (ii) r = 2ti + t?j use the general
expressions for velocity and acceleration to confirm the values of v and a found
earlier in Examples 1 and 2.

Solution
(i) r = 3i+2tj. Then
dr (3). d(2t)
=—==r=—(+2tj))=—"1+—7=01+2j =2
CTw Tt d(H_ 3 tﬁ_ it L Lrel=2
and
dv d,. . d(2)
a=g ~E= ) =i=0i=0
which agree with those found earlier.
(ii) r = 2ti +t*j. Then
dr . d, . Ld2t)y. At . ,
v= g SRS ) = i Sl = 2 2
and
dvv . d _d(2). d(2t) B
a=— =i= E(Qz—i—Ztg) d_z"’_Tl_OZ"’_Ql_Ql
which agree with those found earlier.

Example 5

A particle of mass m = 1 kg has position vector r. The torque (moment of force)
H relative to the origin acting on the particle as a result of a force F is defined as
H =r x F, where, by Newton's second law, F' = mi. The angular momentum
(moment of momentum) L of the particle is defined as L = r x m7 . Find L and
H for the particle where (i) 7 = 3i + 2tj and (ii) r = 2ti + t?j, and show that in
each case the torque law H = L is satisfied.

Solution

(i) Here r = 3i +2tj so 7 = 2j and a = 0. Then

d
L=rxmi=(3i+2tj)x2j =0k so L=—(6)k=0
and
H=rxF=rxmi=(3i+2tj) x0=0 giving H =L as required.
6 HELM (2015):
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Solution (contd.)
(ii) Here r = 2ti +t*j so - = 2i 4 2tj and a = 2j. Then

L=rxmi=(2ti+1%)) x (20 +2tj) = (4> — 2*)k = 2’k so L = 4tk
and

H=rxF=rxmi= (2t1+t21) x 2j =4tk giving H = L as required.

A particle moves so that its position vector is r = 12ti + (19t — 5t2)i-

. dr d’r
(a) Find % and E

d
(b) When is the j-component of d—f equal to zero?

(c) Find a unit vector normal to its trajectory when t = 1.

Your solution

Answer

dr d*r
— =124+ (19 - 10t)5, — = —10y.
d
(b) The j-component of d_f (also written 1) is zero when ¢ = 1.9.

(c) Whent =1 7 =12i+9j. A vector perpendicular to this is i = 9i —12j. Its magnitude
is v/81 + 144 = 15. So a unit vector in this direction is %g’— %l = %g’— %l The unit

3. 4 .. )
vector —51 + gl is also a solution.

HELM (2015): 7
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A particle moving at a constant speed around a circle moves so that

r = cos(mt)i + sin(nt)j
. dr d*r
(a) Find = and e

d?r

d
(b) Find z-d—i and r X d_t;

Your solution

Answer
(a) dr i 4 . d’r 9 b sin ot 9
— = —wsin7wti + wcosmwtj, — = —mwocoswti — e sinwty = —7w°r,
dt ! STE t ] =
dr . . dr . .
(b) L.y = —WCos mtsinmt + wcoswtsinmt =0 = s perpendicular to r
B2 [ J k 2,.
rX — =| coswt sin 7t 0l =0 = —= is parallel to r.
£2 5 5 . dt2
—m“cosmt —mesinwt 0
8 HELM (2015):
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HELMERE

If 7 = sin(2t)i + cos(2t)j + t°k and (1 4 t7) 7> = c|7|*, find the value of c.

Your solution

Answer
T = 2cos(2t)i — 2sin(2t)j + 2tk, = —4sin(2t)i —4cos(2t)j + 2k

|7#]> = 16 sin®(2t) + 16 cos?(2t) +4 =20 |r|> = 4 cos?(2t) + 4sin®(2t) + 412 = 4(1 + ?)
20(1 4 t?) = 4¢(1 +t*) sothat c¢=5.

3. Scalar fields

A scalar field is a distribution of scalar values over a region of space (which may be 1D, 2D or 3D)
so that a scalar value is associated with each point of space. Examples of scalar fields follow.

1.
81 50 10 0
100 74 30
100 90 62 18 0
83 41 7
100 95 70 26 0
67 37
100 86 50 10 0
Figure 2: Temperature in a plate, one side held at 100°C the other at 0°C
2.
Figure 3: Height of land above sea level
HELM (2015): 9
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3. The mean annual rainfall at different locations in Britain.

4. The light intensity near a 100 watt light bulb.

To define a scalar field we need to:
e Describe the region of space where it is found (this is the domain)

e Give a rule to show how the value of the scalar is related to every point in the domain.

We

Consider the scalar field defined by ¢(z,y) = x + y over the rectangle 0 <z <4, 0 <y
=0 2,

can calculate, and plot, values of ¢ at different (x,y) points. For example ¢(0,2)
»(4,1) =441 =15 and so on.

< 2.
+ 2

AY
2.0 2 3 4 5 6
2 3 4 5
101 2 3 4 5
1 2 3 4
0 1 2 3 4 _
0 1.0 2.0 3.0 4.0 x

Figure 4: The scalar field ¢(x,y) =z +y

Contours

A contour on a map is a curve joining points that are the same height above sea level. These contours
give far more information about the shape of the land than selected spot heights.

For example, the contours near the top of a hill might look like those shown in Figure 5 where the
numbers are the values of the heights above sea level.

In general for a scalar field ¢(z,y, z) , contour curves are the family of curves given by ¢ = ¢, for
different values of the constant c.

Figure 5: Contour lines

10 HELM (2015):
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Example 6

Describe contour curves for the following scalar fields and sketch typical contours
for (a) and (b).

(@) o(z,y) =z +y
(b) ¢(z,y) =9 —a* -y

1
(c) oz, y) = ORI

Solution

(a) The contour curves for ¢(z,y) =x+yarex+y=cory=—x+c.
These are straight lines of gradient —1. See Figure 6(a).

(b) For ¢(x,y) =9 — 2% — 4/, the contour curves are 9 — 22 —y> = ¢, or 22 +¢y>* =9 — .
See Figure 6(b).  These are circles, centered at the origin, radius /9 — c.

| Y /'\
\ 1

-
:
/
/%
-
)

Figure 6: Contours for (a) = +y (b) 9 — 22 — ¢/?

: 1
(c) For the three-dimensional scalar field ¢(z,y, 2) = ————— the contour surfaces are
2 +y? 4 22
1 1
——— = corz?+y? + 22 = =. These are spheres, centered at the origin and of
2 +y? 4 22 c
1

radius —.

Ve

HELM (2015): 11
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Describe the contours for the following scalar fields

@ ¢=y—z (b)) o=2+y* () p=y—2’

Your solution

Answer

(a) Straight lines of gradient 1,  (b) Circles; centred at origin,  (c) Parabolas y = 2 + c.

% Key Point 1

A scalar field F' (in three-dimensional space) returns a real value for the function F' for every point
(x,y, z) in the domain of the field.

4. Vector fields

A vector field is a distribution of vectors over a region of space such that a vector is associated with
each point of the region. Examples are:

1. The velocity of water flowing in a river (Figure 7).

—_—
—_— —
—
—_— —_—
—

Figure 7: Velocity of water in a river

2. The gravitational pull of the Earth (Figure 8). At every point there is a gravitational pull
towards the centre of the Earth.

Figure 8: Gravitational pull of the Earth

Note: the length of the vector is used to indicate its magnitude (i.e. greater near the centre
of the Earth.)

12 HELM (2015):
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3. The flow of heat in a metal plate insulated on its sides (Figure 9). Heat flows from the hot
portion on the left to the cool portion on the right.

100° 0°

Figure 9: Flow of heat in a metal plate

To define a vector field we need to :

Describe the region of space where the vectors are found (the domain)

Give a rule for associating a vector with each point of the domain.

Note that in the case of the heat flowing in a plate, the temperature can be described by a scalar
field while the flow of heat is described by a vector field.
Consider the flow of water in different situations.

(a)
(b)

In a pond where the water is motionless everywhere, the velocity at all points is zero.
That is, v(x,y,2) =0, or for brevity, v = 0.

Consider a straight river with steady flow downstream (see Figure 10). The surface
velocity v can be seen by watching the motion of a light floating object, such as a leaf.
The leaf will float downstream parallel to the bank so v will be a multiple of 7. However,
the speed is usually smallest near the bank and fastest in the middle of the river. In this
simple model, the velocity v is assumed to be independent of the depth z. That is, v
varies, in the ¢, or z, direction so that v will be of the form v = f(x)l

yh

bank I I bank
iy

\

7 T

Figure 10: Flow in a straight river

In a more realistic model v would vary as we move downstream and would be different at
different depths due to, for example, rocks or bends. The velocity at any point could also
depend on when the observation was made (for example the speed would be higher shortly
after heavy rain) and so in general the velocity would be a function of the four variables
x, y, z and ¢, and be of the form v = fi(z,y, 2, t)i + fa(x,y, 2, )] + f3(x,y, 2, t)k, for
suitable functions f1, fo and f3. -

HELM (2015): 13
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Example 7
Sketch sample vectors at the points (3,2), (—2,2), (=3,—1), (1,—4) for the
two-dimensional vector field defined by v = xi + 2.

Solution

At (3,2), v =3i+2j
At (-2,2), v =—2i+2j
At (=3,-1), v =—-3i+2j

At (1,—4), v=1i+2j
Plotting these vectors v gives the arrows in Figure 11.

Figure 11: Sample vectors for the vector field v = i + 2j

It is possible to construct curves which start from and are in the same direction as any one vector
and are guided by the direction of successive vectors. Starting at different points gives a set of
non-intersecting lines called, depending on the context, vector field lines, lines of flow, streamlines
or lines of force.

For example, consider the vector field F' = —yi + zj; F' can be calculated at various points in the
xy plane. Some of the individual vectors can be seen in Figure 12(a) while Figure 12(b) shows them
converted seamlessly to field lines. For this function £ the field lines are circles centered at the origin.

Y Y

Figure 12: (a) Vectors at various points (b) Converted to field lines

14 HELM (2015):
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Example 8
The Earth is affected by the gravitational force field of the Sun. This vector
field is such that each vector F is directed towards the Sun and has magnitude

1

proportional to — , where r = /2% + 32 + 22 is the distance from the Sun to the
r

Earth. Derive an equation for £’ and sketch some field lines.

Solution

The field has magnitude proportional to r=2 = (2? + y* + 2?)~! and points directly towards the

Sun (the origin) i.e. parallel to a unit vector pointing towards the origin. At the point given by
—ri—yj—zk  —xi—yj—zk

|—wi—yj—zk| 2+t 22
Multiplying the unit vector by the required magnitude 72 = (2% + y? + 2%)~! (and by a constant
—xi—yj — zk

(332 +y2_|_z2)3/2'

r =i+ yj+ zk, a unit vector pointing towards the origin is

Figure 13 shows some field lines for F'.

of proportionality ¢) gives ' = ¢

Y Earth

Figure 13: Gravitational field of the Sun

Key Point 2

A vector field F(x,y, z) (in three-dimensional coordinates) returns a vector F\, = F(z0, Yo, z0) for
every point (g, Yo, 20) in the domain of the field.

HELM (2015): 15
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Exercises

1. Which of the following are scalar fields and which are vector fields?
() F=a2—yz
20 — 2
Va2 + 2+ 2241
(c) f=mi+yj+ 2k
y—1 z—1 r—1
22+1x+x2+1y+y2+12
(e) g=(y+2)i

2. Draw vector diagrams for the vector fields

(b) G =

(d) H =

(@) f=i+2]
(b) g=i+y*j
Answers

1. (a), (b) and (d) are scalar fields as the quantities defined are scalars.

(c) and (e) are vector fields as the quantities defined are vectors.

2.
f
VIS j
AAAAAAAA
/AT pe s s
SN AR
Pttt
b) As |y| increase.s, the
y-component Increases

N~ —
N~ —
N~ —
N~ —
N~ —

(a) The vectors point in the
same direction everywhere

16 HELM (2015):
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Differential Vector
Calculus 28.2

ﬁb Introduction

A vector field or a scalar field can be differentiated with respect to position in three ways to produce
another vector field or scalar field. This Section studies the three derivatives, that is: (i) the gradient
of a scalar field (ii) the divergence of a vector field and (iii) the curl of a vector field.

be familiar with the concept of a function of
two variables

% Prerequlsltes be familiar with the concept of partial

Before starting this Section you should . .. differentiation

be familiar with scalar and vector fields

find the divergence, gradient or curl of a
vector or scalar field

% Learning Outcomes

On completion you should be able to ...

HELM (2015): 17
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1. The gradient of a scalar field

Consider the height ¢ above sea level at various points on a hill. Some contours for such a hill are
shown in Figure 14.

20

SmT=>
N/

Figure 14: “Contour map” of a hill

We are interested in how ¢ changes from one point to another. Starting from A and making
a displacement d the change in height (¢ ) depends on the direction of the displacement. The
magnitude of each d is the same.

Displacement | Change in ¢
AB 40 — 30 =10
AC 40 — 30 = 10
AD 30-30=0
AFE 20 —30 = —-10

The change in ¢ clearly depends on the direction of the displacement. For the paths shown ¢
increases most rapidly along AB, does not increase at all along AD (as A and D are both on the
same contour and so are both at the same height) and decreases along AE.

The direction in which ¢ changes fastest is along the line of greatest slope which is orthogonal (i.e.
perpendicular) to the contours. Hence, at each point of a scalar field we can define a vector field
giving the magnitude and direction of the greatest rate of change of ¢ locally.

A vector field, called the gradient, written grad ¢, can be associated with a scalar field ¢ so that at
every point the direction of the vector field is orthogonal to the scalar field contour. This vector field
is the direction of the maximum rate of change of ¢.

For a second example consider a metal plate heated at one corner and cooled by an ice bag at the
opposite corner. All edges and surfaces are insulated. After a while a steady state situation exists in
which the temperature ¢ at any point remains the same. Some temperature contours are shown in
Figure 15.

heat sourcg‘ heat source\z‘

ice ba, ice bag
N g

(a) (b)

Figure 15: Temperature contours and heat flow lines for a metal plate

18 HELM (2015):
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The direction of the heat flow is along the flow lines which are orthogonal to the contours (see the
dashed lines in Figure 15(b)); this heat flow is proportional to the vector field grad ¢.

Definition
925 d¢p . 09

The gradient of the scalar field ¢ = f(z,y, 2) is grad ¢ =Vo=—i+ a—y_+ a—k

Often, instead of grad ¢, the notation V¢ is used. (V is a vector differential operator called ‘del’ or

‘nabla’ defined by a—z + a—j + a—&. As a vector differential operator, it retains the characteristics
x y= 0z

of a vector while also carrying out differentiation.)

The vector grad ¢ gives the magnitude and direction of the greatest rate of change of ¢ at any
point, and is always orthogonal to the contours of ¢. For example, in Figure 14, grad ¢ points in
the direction of AB while the contour line is parallel to AD i.e. perpendicular to AB. Similarly, in
Figure 15(b), the various intersections of the contours with the lines representing grad ¢ occur at
right-angles.

For the hill considered earlier the direction and magnitude of grad ¢ are shown at various points
in Figure 16. Note that the magnitude of grad ¢ is greatest (as indicated by the length of the arrow)
when the hill is at its steepest (as indicated by the closeness of the contours).

-t

Figure 16: Grad ¢ and the steepest ascent direction for a hill

% Key Point 3

¢ is a scalar field but grad ¢ is a vector field.

HELM (2015): 19
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Example 9
Find grad ¢ for

(@ ¢=2-3y  (b) ¢=uay’s’

Solution

0, 0, 0, o . e o
(a) gradgb—ax(x 3y)2+ay(x Sy)l+az(x 3y)k = 2xi+(—3)j +0k = 2xi — 35

(b) grad ¢ = %(zy%?’)z + %(myZZ?’)l + %(ngz?’)k =223 + 2xy231 + 3xy? 2k

Example 10
For f = z* + y? find grad f at the point A(1,2). Show that the direction of
grad f is orthogonal to the contour at this point.

Solution

grad f = gvaa—fj—i—8—fE:2:c1+2yj+OE:2xz+2yj
ox oy= 0z = =

and at A(1,2) this equals 2 x 1i + 2 x 2j = 2i + 4j.

Since f = 2% + 4? then the contours are defined by 2 + 3> = constant, so the contours are circles
centred at the origin. The vector grad f at A(1,2) points directly away from the origin and hence

1
grad f and the contour are orthogonal; see Figure 17. Note that 7(A) =i+ 2j = 3 grad f.

LAY p grad f

Figure 17: Grad f is perpendicular to the contour lines

The change in a function ¢ in a given direction (specified as a unit vector a) is determined from the
scalar product (grad ¢) - a. This scalar quantity is called the directional derivative.
Note:

e a along a contour implies a is perpendicular to grad ¢ which implies a - grad ¢ = 0.

e ¢ perpendicular to a contour implies a - grad ¢ is a maximum.
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Given ¢ = x%y%2?, find

(a) grad ¢
(b) grad ¢ at (—1,1,1) and a unit vector in this direction.
(c) the derivative of ¢ at (2,

—1)i
i)z (i) d—%z sk

in the direction of

Your solution

Answer

(a) grad ¢ = % 1+ ? + 8_¢k = 2ry?2%i + 2:1:23/221 + 22y 2k
(b) At (—1,1, 1), grad ¢ = —2i +2j + 2k
A unit vector in this direction is
grad ¢ —2i + 25 + 2k 1 , ,
= = = —2i+ 2 2k) = —
lgrad | /(—2)2 + 22 + 22 2\/§( b2+ 24

(c) At (2,1,-1), grad ¢ = 4i +8j — 8k

(i) To find the derivative of ¢ in the direction of i take the scalar product
(40 +8j —8k)-i=4x 140+ 0= 4. So the derivative in the direction of d is 4.

r 1
+—j+—=k

1
—=1
V3 3= 3

: N : N 3. 4
(ii) To find the derivative of ¢ in the direction of d = —i + —k take the scalar product

3. 4 3 4 12 32
4 - NI AN B 4_12 32
(4i+8) —8k) - (zi+ ch) =4x -+ 0+ (=8) x o = = —
So the derivative in the direction of d is —4.
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Exercises

1. Find grad ¢ for the following scalar fields

@é¢=y-—a. (B)o=y—2° ()o=a>+y"+2°

2. Find grad ¢ for each of the following two-dimensional scalar fields given that r = zi + y; and
r = +/x2 + y? (you should express your answer in terms of r).

@o¢=r. (B)o=r,  ()o=-  (d)o=r"
3. If ¢ = 23y?2, find,

(@) ¥
(b) a unit vector normal to the contour at the point (1,1, 1).
(c) the rate of change of ¢ at (1,1,1) in the direction of i.
(d)

d) the rate of change of ¢ at (1,1, 1) in the direction of the unit vector n = —=(i + j + k).

1

4
4. Find a unit vector which is normal to the sphere 2% + (y — 1)? + (z + 1)? = 2
(0,0,0).

at the point

5. Find vectors normal to ¢, = y — 22 and ¢, = 2 + y — 2. Hence find the angle between the
curves y = 22 and y = 2 — x at their point of intersection in the first quadrant.

Answers
0 0
1. (a) %(?J )i+ 8_( y—z)j=-i+j
(b) —2zi+j
a 2 2 2\1, 8 2 2 a . .
(c) [a—x(x +y +Z)]z+[a—y($ +y +Z)]j+[a (2? + 9> + 2%k = 221 + 2yj + 22k
T r r n
2 @)L 5 @5 @

1
3. (a) 3a%y?zi + 22°yzj + 2°y°k, (b) ﬁ(?@' +2j+k), (c)3, (d)2v3

4. The vector field V¢ where ¢ = 2? + (y — 1) + (2 + 1)* is 2zi + 2(y — 1)j + 2(z + 1)k
The value that this vector field takes at the point (0,0, 0) is —2j +2k which is a vector normal
to the sphere.

1
Dividing this vector by its magnitude forms a unit vector: —(—j + k)

N

5. 108° or 72° (intersect at (1,1)) [At intersection, grad ¢, = —2i + j and grad ¢, =i + j.|
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2. The divergence of a vector field
Consider the vector field ' = Fi + Fyj + F3k

In 3D cartesian coordinates the divergence of F' is defined to be

. OF, O0F, O0F;
div F = )
VST s + dy + 0z
Note that F is a vector field but div F' is a scalar.
In terms of the differential operator V, div F =V - F since
0 0 0 OF, 0F, OF;
+—+

P =(i—+j— —) - (Fii+ Fyj + F3k) = )
v-E (lax—l—‘lay—i_kaz) (Fii+ Foj + Fyk) ox oy 0z

Physical Significance of the Divergence

The meaning of the divergence is most easily understood by considering the behaviour of a fluid
and hence is relevant to engineering topics such as thermodynamics. The divergence (of the vector
field representing velocity) at a point in a fluid (liquid or gas) is a measure of the rate per unit volume
at which the fluid is flowing away from the point. A negative divergence is a convergence indicating a
flow towards the point. Physically positive divergence means that either the fluid is expanding or that
fluid is being supplied by a source external to the field. Conversely convergence means a contraction
or the presence of a sink through which fluid is removed from the field. The lines of flow diverge
from a source and converge to a sink.

If there is no gain or loss of fluid anywhere then div v = 0 which is the equation of continuity
for an incompressible fluid.

The divergence also enters engineering topics such as electromagnetism. A magnetic field (B) has
the property V - B = 0, that is there are no isolated sources or sinks of magnetic field (no magnetic
monopoles).

Q Key Point 4

F is a vector field but div F' is a scalar field.
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Example 11

Find the divergence of the following vector fields.
(a) E=a?i+y’j + 2%k
(b) r=ai+yj+ 2k
(c) v=—zi+yj+2k

Solution
N P N P N AT N
(a) div F = 8x(x >+8y(y )+az(2)—2x+2y+2z
0 0 0
(b) dlvr:8—$(x)+a—y(y)+$(z):1+l+1=3
: 0 0 0
(c) dlvv—a—x(—x)—l—a—y(y)%—&(Q)——l—i-l%—O—O
Example 12

Find the value of a for which v = (22%y + 2%)i + (zy* — 2°2)j + (azyz — 22°y*)k
is the vector field of an incompressible fluid.

Solution

v is incompressible if div v = 0.

div v = £(2x2y + 2%) + ﬁ(ny —2%2) + 2(cwz:yz — 22%9%) = 4oy + 22y + axy
- Ox dy 0z

which is zero if a = —6.

Find the divergence of the following vector field, in general terms and at the point
(1,0,3).

Fy=2%i+y’j+ 2%k

Your solution

Answer
(a) 322 4+ 3y* + 322, 30
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Find the divergence of I, = x%yi — 2xy?j, in general terms and at (1,0, 3).
2 s

Your solution

Answer

—2xy, 0,

Find the divergence of F'y = %21 — 2y°2°j + xy2°k, in general terms and at the
point (1,0, 3).

Your solution

Answer
2rz — 6y?2% + 2xyz, 6

3. The curl of a vector field
The curl of the vector field given by F' = Fii + Fyj + F3k is defined as the vector field

v ] k

o o 0

IF=VxF=| 2L 2 Z
arlf=VxE Jor Oy 0z
N Iy

— % — @ 7+ @ _ % |+ @ — % k
Oy 0z )~ 0z or )L ox oy )~
Physical significance of curl

The divergence of a vector field represents the outflow rate from a point; however the curl of a vector
field represents the rotation at a point.

Consider the flow of water down a river (Figure 18). The surface velocity v of the water is revealed
by watching a light floating object such as a leaf. You will notice two types of motion. First the
leaf floats down the river following the streamlines of v, but it may also rotate. This rotation may
be quite fast near the bank, but slow or zero in midstream. Rotation occurs when the velocity, and
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hence the drag, is greater on one side of the leaf than the other.
bank 1 1 bank
sl

Figure 18: Rotation of a leaf in a stream

Note that for a two-dimensional vector field, such as v described here, curl v is perpendicular to the
motion, and this is the direction of the axis about which the leaf rotates. The magnitude of curl v

is related to the speed of rotation.
For motion in three dimensions a particle will tend to rotate about the axis that points in the direction
of curl v, with its magnitude measuring the speed of rotation.

If, at any point P, curl v = 0 then there is no rotation at P and v is said to be irrotational at P. If
curl v = 0 at all points of the domain of v then the vector field is an irrotational vector field.

Key Point 5

Note that I is a vector field and that curl F is also a vector field.

Example 13

Find curl v for the following two-dimensional vector fields

(@) v=wi+2j (b) v = —yi+xj

If v represents_the surface velocity of the flow of water, describe the motion of a

floating leaf.

Solution

vt J k
(a) Yxv = |5 3 o

z 2 0

0 0 0 0 0 0

(5.0~ 2@)i+ (@ - 50 i+ (50 - 5@)E=0

A floating leaf will travel along the streamlines without rotating.
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Solution (contd.)

(b)
o J k
o 8 9
VXxv = | 5% 3 o
—y x 0

- (20-20) i+ (0 - 20) i+ (20— o)k
= 0i+0j +2k =2k

A floating leaf will travel along the streamlines (anti-clockwise around the origin ) and will rotate

anticlockwise (as seen from above).
An analogy of the right-hand screw rule is that a positive (anti-clockwise) rotation in the zy plane
represents a positive z-component of the curl. Similar results apply for the other components.

Example 14
(a) Find the curl of u = 2%i + le'. When is u irrotational?

(b) Given F = (xy — zz)i + 3:1:214— yzk, find curl F at the origin (0,0, 0)
and at the point P = (1,2, 3).

Solution
(a)
vt J k
arlu = VXE=|5 45 &
22y 0

= (5.0 =56 )it (5@ = -0 ) i+ (5707 — 5" ) &
ay 0 0 0 0 0y

= 0i+0j+0k=0

curl u = 0 so w is irrotational everywhere.
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Solution (contd.)

(b)

Current associated with a magnetic field
Introduction
In a magnetic field B, an associated current is given by:
1
I=—(VxDB)

Ho
Problem in words

Given the magnetic field B = Byxk find the associated current 1.

A Z

L
\1

Figure 19: Magnetic field profile

Mathematical statement of problem

We need to evaluate the curl of B.
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Mathematical analysis

vt Jj  k

o o0 0

VxB = |— — —

L2 or Oy 0z

0 0 Bo[B

= 0i— Boyj + 0k
B
andsol:——oj.
Mo~

Interpretation

The current is perpendicular to the field and to the direction of variation of the field.

Find the curl of the following two-dimensional vector field (a) in general terms and
(b) at the point (1,2).

Fy=y*i+ayj

Your solution

Answer

o j k

o o0 0

F=|— — —=|=0i+0j — 2k = —

(@) ¥VxFy= o 9 - 0i +0j + (y — 2y)k = —yk

y? ay 0
(b) —2k
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Exercises

1. Find the curl of each of the following two-dimensional vector fields. Give each in general terms
and also at the point (1,2).

(a) F) =2xi+2yj
(b) EB — $2y3i _ m3y2l'

2. Find the curl of each of the following three-dimensional vector fields. Give each in general
terms and also at the point (2,1, 3).

a) F, =vy?2% + 2xy23j + 3xy’2%k

(@) Fy =y Yz Y

b) £y, = (xy + 22)i +22%j + (22 — 2)k
4y LY

3. The surface water velocity on a straight uniform river 20 metres wide is modelled by the vector
v = %x(20 — x)j where z is the distance from the west bank (see diagram).

> 2z

20 m

(a) Find the velocity v at each bank and at midstream.

(b) Find V x v at each bank and at midstream.
4. The velocity field on the surface of an emptying bathroom sink can be modelled by two

functions, the first describing the swirling vortex of radius a near the plughole and the second
describing the more gently rotating fluid outside the vortex region. These functions are

u(z,y) = w(—yi+ zj), (Va7 <a)

wa®(—yi + rj)

x? +y? (”x2+y22a>

Find (a) curl w and (b)curl v.

v(w,y) =

Answers

1L (a)00 (b) —6a"y’k, —24k

2. () 0; 0 (b)zj+xk, 3j+2k
3. (a)0;0;2j, (b) +0.4k; —0.4k; 0
4. (a) 2wk; (b) 0
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4. The Laplacian

The Laplacian of a function ¢ is written as V¢ and is defined as: Laplacian ¢ = div grad ¢, that is

Vo = V-Vo¢
- o6 06 0¢
= Z(%Z‘Fa—yl‘F%E)

0? 0? 0?
¢+ <25+ ¢
oxr?  Jy? 022
0? 0? 0?
The equation V3¢ = 0, that is ¢ + ¢ + ¢ = 0 is known as Laplace's equation and has
or?  0y* 022
applications in many branches of engineering including Heat Flow, Electrical and Magnetic Fields
and Fluid Mechanics.

Example 15

Find the Laplacian of u = 229z + 2z2.

Solution
Pu  Pu P
Vi = a;;; ™ ayZ + a;; = 2%z + 2272 + 0 = 2(2® + y°)2
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5. Examples involving grad, div, curl and the Laplacian

The vector differential operators can be combined in several ways as the following examples show.

Example 16
If A=2yzi —2°yj + 22k, B =2l + yzj — xyk and ¢ = 22y, find

(@) (A-Y)¢  (B)A-Vo  ()BxY¢  (d) V%

Solution

(a)
@90 = [i-opren Qv 2+ 2pls
- {Qyz% — :pr% + x22%] 202y 23
0
_= 2 —_
yag
= 2uz(dayz’) — py(220%2°) + 22 (62°y2?)
= Say’zt — 22tyz3 + 623y2?

0 0
20%y23) — a:an—y(Q:z:Qyz?’) + x22$(2x2yz3)

(b)
Vo = (%(m@z?’)g + %(szyz?’)i + %(23&@23)&
= dayzi+ 2:1027:31 + 62%y2°k
So A-Vo = (2yz1 — :c2yl' + xz%) - (4ayz’i + 2x2z3i + 62%y2%k)

= Saxy?zt — 22ty2d + 623y?

(c) Vo = dayz*i 4 22%2%) + 62°y2*k so

4 J k
BxY¢ = o yz o~y
dryz® 22%2% 62 y2?
= i(62%y”2" + 22%y2%) + j(—4a’y*2® — 62'y2?) + k(2072 — day”2t)
52 52 52
(d) V¢ = @(szyzg) + a—y2(2x2yz3) + @(Zﬁyz?’) = 4yz® + 0 + 122%yz
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Example 17
For each of the expressions below determine whether the quantity can be formed
and, if so, whether it is a scalar or a vector.

a) grad(div A)

b) grad(grad ¢)

c) curl(div F)

d) div [ curl (Axgrad ¢) |

Solution

(a) Ais a vector and divA can be calculated and is a scalar. Hence, grad(div A) can be
formed and is a vector.

(b) ¢ is a scalar so grad ¢ can be formed and is a vector. As grad ¢ is a vector, it is not
possible to take grad(grad ¢).

(c) F is a vector and hence div F is a scalar. It is not possible to take the curl of a scalar
so curl(div £) does not exist.

(d) ¢ is a scalar so grad ¢ exists and is a vector. Axgrad ¢ exists and is also a vector as is
curl Axgrad ¢. The divergence can be taken of this last vector to give
div [ curl (Axgrad ¢) | which is a scalar.

6. Identities involving grad, div and curl

There are numerous identities involving the vector derivatives; a selection are given in Table 1.

Table 1
I [div(pA) —grad 6- A+ g dv A or [V-(64) = (V9) - A+ 6(V - A)
2 | curl(pA) = grad ¢ x A+ ¢ curl A or | Vx(pA) = (Vo) x A+ o(V x A)
3|div(AxB)=B-curl A—A-curl B or |[V-(AxB)=B-(VYxA) —A (VY xDB)
4 curl (Ax B) = (B-grad) A— (A-grad ) B | or | Vx (Ax B) = (B-V)A— (A-V)B
+Adiv B—Bdiv A +AV-B-BV-A
5 grad (A-B) — (B-grad ) A+ (A grad ) B |or | V(A-B) = (B-V)A+ (4-V)B
+Ax curl B+ Bx curl A +AXx (VxB)+Bx (VY xA)
6 | curl (grad 6)— 0 or |V x (V) =0
7 | div (curl A)=0 or | V- (VxA)=0
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Example 18

Show for any vector field A = A7 + Ayj + Ask, that div curl A = 0.
Solution
|
. .| 0 o 0
divcurl A = div p. 8_y 5
A Ay Az
. 0As  0Ay)\ . 0A;  0A3z\ . 0Ay  0A
frd _— _— _— k
aw Kay az)-+(az ax) *(ax ayH
0 (0Ay 2\, 0 (04 04 0 (04 04
- dy 0z oy \ 0z ox 0z \ Or Jy
_ O%Az B %Ay,  O?A B 0?As  0%*A, B 0%A,
 O0x0y  0z0x  Oydz Oydxr 0z0x 020y
= 0
_ 0*As  0?As
N.B. This assumes 910y Dyox etc
Example 19

Verify identity 1 for the vector A = 2xyi — 3zk and the function ¢ = zy?.

Solution
oA = 22%y31 — 3zy?zk so
Z-ebA:Z- (21: y*i — 3wy’ zk)

0 0
= —(22%°) + 5=

ox 0z
So LHS = 4xy3 — 3292

(—3xy*2) = 4ay® — 329°

a a 2\ - a 2 2. .
< 9 =z — 2
Vo =o (zy?)i + ay(fﬂy )J + az(:vy )k = y”i 4 2xyj so
(Vo) - A= (y%i + 2zyj) - (2ayi — 3zk) = 2xy°
V- A=V (2zyi—3zk) =2y — 3 so ¢V - A = 2zy* — 3xy” giving
(Vo) - A+ ¢(V A) = 2xy® + (2xy® — 3xy?) = day® — 3uy?
So RHS = 4293 — 3xy? = LHS.
So V- (pA) = (Vo) - A+ ¢(V - A) in this case.
34
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If F = 2®yi — 2x2j 4 2yzk, find

®
K14 <
A x
|<l hj‘j
=
@

(
(
(c
(
(

|<l <K 1< 1<q

|2
X
=

Your solution

Answer

(a) 2zy + 2y,
(b) (2z +22)i — (2% + 22)k,
(c) 2
(d) 0 (using answer to (b)),
(e)

e) (2+2w)j (using answer to (b))

yi + (2 + 2x)j (using answer to (a)),
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If ¢ = 2x2 — %2, find

(a) Yo
(b) V¢ =V - (Vo)
() ¥ x (Vo)

Your solution

Answer
(a) 2zi —2yzj + (2z — y*)k, (b) =2z, (c) 0 where (b) and (c) use the answer to (a).

Exercise

Which of the following combinations of grad, div and curl can be formed? If a quantity can be
formed, state whether it is a scalar or a vector.

iv (grad ¢)
iv (div A)

c) curl (curl F)
d) div (curl F)

) d
) d
)
)
e) curl (grad ¢)
)
)
)
)

a
b

(
(
(
(
(
(f) curl (div A)
(g) div (A - B)
(h) grad (¢1¢2)

(i) curl (div (Ax grad ¢))

Answers

(a), (d) are scalars;

(c), (e), (h) are vectors;

(b), (f), (g) and (i) are not defined.
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Orthogonal
Curvilinear

Coordinates 28.3

q Introduction

The derivatives div, grad and curl from Section 28.2 can be carried out using coordinate systems other
than the rectangular Cartesian coordinates. This Section shows how to calculate these derivatives in
other coordinate systems. Two coordinate systems - cylindrical polar coordinates and spherical polar
coordinates - will be illustrated.

f . e be able to find the gradient, divergence and I
Q Prerequlsltes curl of a field in Cartesian coordinates
kBefore starting this Section you should ... e be familiar with polar coordinates J
@ L . Out e find the divergence, gradient or curl of a R
earning vutcomes vector or scalar field expressed in terms of
@n completion you should be able to . .. orthogonal curvilinear coordinates )
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1. Orthogonal curvilinear coordinates

The results shown in Section 28.2 have been given in terms of the familiar Cartesian (z,vy, 2) co-
ordinate system. However, other coordinate systems can be used to better describe some physical
situations. A set of coordinates u = u(z,y,2), v = v(z,y, z) and w = w(z,y, z) where the direc-
tions at any point indicated by u, v and w are orthogonal (perpendicular) to each other is referred to
as a set of orthogonal curvilinear coordinates. With each coordinate is associated a scale factor

hy, hy or h,, respectively where h, = \/(%)2 + (@)2 + (g—)2 (with similar expressions for h, and

z
ou U

hy). The scale factor gives a measure of how a change in the coordinate changes the position of a
point.

Two commonly-used sets of orthogonal curvilinear coordinates are cylindrical polar coordinates
and spherical polar coordinates. These are similar to the plane polar coordinates introduced in
HELM 17.2 but represent extensions to three dimensions.

Cylindrical polar coordinates

This corresponds to plane polar (p, ¢) coordinates with an added z-coordinate directed out of the
xy plane. Normally the variables p and ¢ are used instead of r and € to give the three coordinates
p, ¢ and z. A cylinder has equation p = constant.

The relationship between the coordinate systems is given by

x = pcoso Yy = psin ¢ z=2z

(i.e. the same z is used by the two coordinate systems). See Figure 20(a).

z
P! 6
) 7 z : ~
l p
s 77

Figure 20: Cylindrical polar coordinates

The scale factors h,, hg and h, are given as follows

\/(2—2)2+ <g—z)2+ <g—z>2 = /(cos§)? + (sin )2 +0 =1

hp:
ho = \/(%)+ (g—;;)+ (%) — s T (peos gl 10 =p
() () + (5) = o=
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Spherical polar coordinates

In this system a point is referred to by its distance from the origin r and two angles ¢ and 6. The
angle 0 is the angle between the positive z-axis and the line from the origin to the point. The angle
¢ is the angle from the x-axis to the projection of the point in the xy plane.

A useful analogy is of latitude, longitude and height on Earth.

e The variable 7 plays the role of height (but height measured above the centre of Earth rather
than from the surface).

e The variable # plays the role of latitude but is modified so that 6 = 0 represents the North
Pole, 8 = 90° = g represents the equator and 6 = 180° = 7 represents the South Pole.

e The variable ¢ plays the role of longitude.

A sphere has equation r = constant.
The relationship between the coordinate systems is given by

x =rsinfcos ¢ y = rsinfsin ¢ z =rcosé. See Figure 21.
z
» (2,9,2)
|
|
0 T
|
|
!
N | z y
(25 N | ,/
| 7
AN I 7’
AN | //
SN | /
N I //
~_ /s
A
:L-7

Figure 21: Spherical polar coordinates

The scale factors h,., hy and h, are given by

(@)2 + (@)2 + (%)2 — /(5in 0 cos§)2 + (sinfsin ¢)2 + (cosf)? = 1
or or or

hy =
By — o 2+ % 2+ 92 2—\/(rc039c0s¢)2+(rcosﬁsingzﬁ)?—i—(—rsin@)Q—r
"=\ \ o0 0 00) -
ho = \/(%)+ (@% (a_) — \/(“rsinfsin g + (rsinfcos )7 + 0 = rsin
o ¢ o
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2. Vector derivatives in orthogonal coordinates

Given an orthogonal coordinate system w, v, w with unit vectors u, © and w and scale factors, h,,
h, and h,,, it is possible to find the derivatives Vf, V- F and V x F.

It is found that
grad f=Vf = hiu%u%— hlv gfva hl gj;_
If F=Fu+ F,0+ F,w then
1 0
hohyhy | Ou
Also if F=Fu+ F,0+ F,w then

hytc  hot hy

div F=V.F = O (Buoha) + O (Fhuha) + - (Fuhihy)

ov

1L o o o
|F=V xF= o 09
e T b | 9a B0 Ow

hoFy hoF, hyF,

Q Key Point 6

In orthogonal curvilinear coordinates, the vector derivatives Vf, V- F and V x F' include the scale
factors h,, h, and h,,.

3. Cylindrical polar coordinates

In cylindrical polar coordinates (p, ¢, z), the three unit vectors are p, é and Z (see Figure 20(b) on
page 38) with scale factors

hpzl,h¢:p,hzzl.

The quantities p and ¢ are related to x and y by © = pcos¢ and y = psin¢. The unit vectors are
p=cosgi+singj and ¢ = —sin ¢i + cos ¢j. In cylindrical polar coordinates,
6f 10f - f
rad Vi=—-p+-5= + =
grad f =V f = 962
The scale factor p is necessary in the ¢—component because the derivatives with respect to ¢ are
distorted by the distance from the axis p = 0.
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then

E=Fp+F+F.z2
v E=V-F =1 [ o)+ () + (P
poopo 2
F, pky I

Example 20
Working in cylindrical polar coordinates, find Vf for f = p* + 2

Solution
of 8f =0a gf 2zs0 Vf=2pp+2zZ
z

If f=p? 2 then == =2p
f=p"+=z enap 6¢

Example 21
Working in cylindrical polar coordinates find
(a) Vf for f = p*sin

(b) Show that the result for (a) is consistent with that found working in

Cartesian coordinates

g = 0 and hence,

Solution
(a) If f = p3sin¢ then g—ﬁ = 3p?sin ¢, i; = p® cos ¢ and P

Vf = 3p*sin¢p + p* cos gbé.
(22 + %)y = 2%y + 3 so Vf = 2xyi + (22 + 3y?)

(b) f = p’sing = p*psin¢
Using cylindrical polar coordinates, from (a) we have

Vf = 3p*sin op + p? cos (;50_{5

3p? sin ¢(cos @i + sin ¢j) + p* cos ¢(— sin ¢i + cos ¢;)
[3p2 sin ¢ cos ¢ — p? sin ¢ cos <b] i+ [Bp2 sin? ¢ + p? cos? qﬂ
[2p sin ¢ cos gb] i+ [3p2 sin? ¢ + p* cos? qb} J = 2xyi + (3y* +2%)j

So the results using Cartesian and cylindrical polar coordinates are consistent
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Example 22
Find V- F for F = F,p+ Fyp + F.2 = p*p+ pz¢ + pzsin$z. Show that the
results are consistent with those found using Cartesian coordinates.

Solution

Here, F, = p® F, = pz and F, = pzsin¢ so

110 0 0
V£ = SR+ gplFa 4 5 F)
179, , 0 )
= 2+ gl + <pzsm¢>]
= 1[4,0 + 0+ p”sin @]
i
= 4p® 4 psin¢

Converting to Cartesian coordinates,

F = Fp+Fyp+F.2=pp+pzo + prsingz
p*(cos ¢i + sin @) + pz(—sin ¢i + cos ¢j) + pzsin gk
= (p*cos¢ — pzsin@)i + (p®sin ¢ + pz cos ¢)j + pzsin ok
= [ (pcos @) — psin qbz] i+ [pQ(psin ®) + pcos gbz] J+psingzk
= [(@®+yP)e —yz]i+ [(2®+ ")y +x2] j+yzk
(2° + 2y® —y2)i+ (2®y + y* + x2)j + yzk

So

9, 3 2 9, 5 3 9
%(:v + zy —yz)+ay(:v Yty ~|—:)3z)+82(yz)
= B +y") + (@ +3°) ty =4+ 4y’ +y

= 4(@”+y") +y

= 4p® + psing

<1
|
|

So V - F is the same in both coordinate systems.
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Example 23

Find V x F for F = p*p + zsin¢é+ 22 cos PZ.

Solution

popd 2 b o z
wap |2 2 0| 10 o o
p| Op 09 0z p| Op [9J0) 0z
F, pF, F, p? pzsing 2zcoso
— %{p [aa¢(zzcos¢)_§(p281n¢)} —|—pgb[ap _%(QZCOSQb)} [;p(ﬂzsﬂlqb) aa¢ 2}}
1
= ;[/_3( 2zsin ¢ — psm<b)+p¢() (ZSlH¢)]
_ _(stin¢+psin¢)ﬁ+28m¢z
P - p

Engineering Example 2

Divergence of a magnetic field

Introduction
A magnetic field B must satisfy V - B = 0. An associated current is given by

1
I=—(VxB
Ho(_ B

Problem in words
For the magnetic field (in cylindrical polar coordinates p, ¢, z)

B=20B b4 ak
L 01+p2é+0@

show that the divergence of B is zero and find the associated current
Mathematical statement of problem

We must
(a) show that V.- B =0

Lwxn

(b) find the current I =
Ho
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Mathematical analysis

(a) Express B as (B,, By, B.); then

0B+ 5B+ 0B

50 (o) #0aet)

V-B =

DI D= =

0+0+0/=0 as required.

(b) To find the current evaluate

poes oz |2 2 E
o B 0
1 1119 o 8 s <4 9
I=—(VxB) = —-|2 <2 Y]_
L= (V x B) wolop 26 @i |00 00 Oz
p2
Bp pB¢ Bz 0 B01+p2 (0%

~

1 N 0 0
pr— — A B_
{OBJFOP%L “p (1 +p2) g]

Kop

1 B [ 2p ]A 2By .
= = ——Z

pop L4227 mo(1+p%)2

Interpretation
The magnetic field is in the form of a helix with the current pointing along its axis (Fig 22). Such

an arrangement is often used for the magnetic containment of charged particles in a fusion reactor.

Q0000000
ol |

N\ B

Figure 22: The magnetic field forms a helix
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Example 24
A magnetic field B is given byﬁzp‘@—i—ké. Find V-B and V x B.
Solution
110 0 0 1
B—— _— _ —2 o = — =
V-B p ap(0)+a¢(p )—i—az(k’p) p[0+0+0] 0
poro 2 poro 2
yxp=1i| 9 0 0 110 0 0
pl dp O¢ 0z pl Op 0¢ 0z
B, pB, B, 0 p ' k

o>

1
P
All magnetic fields satisfy V - B = 0 i.e. an absence of magnetic monopoles.
Note that there is a class of magnetic fields known as potential fields that satisfy V. x B =0

Using cylindrical polar coordinates, find V f for f = p?2sin¢

Your solution

45

9 .
[p?2 sin ¢ + a—[pzz sin ¢]2 = 2pzsin ¢p + pz cos ¢ + p? sin 2
275, P P

Answer
0
= |p2zsinglj +

pOP
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Using cylindrical polar coordinates, find V f for f = zsin2¢

Your solution

Answer

9 .
[28in2¢0]2 = —2 cos 2¢¢ + sin 292
P @

Find V- F for F' = pcosqbé—psingzﬁé—i—pzﬁ

ie. F,=pcoso, Fy = —psing, I, = pz

e . .0 0 0
(a) First find the derivatives a—p[pr], 6—¢[F¢], a[pFZ]

Your solution

Answer

2pcos¢, —pcosd, p°

(b) Now combine these to find V - F:

Your solution
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Answer
1[0 0 0
VoE = 5| 0R) + )+ 50
1[0 0
=5 [8—/)@2 cos ¢) + a—¢(—P sin¢) + %(PQZ)]
= E [2pcos¢ — pcos ¢ + ,02}
= cosop+p

Find V x F for F' = F,p + Fﬁg + F.zZ = p3£ﬁ + pzé + pzsin ¢Z. Show that the

results are consistent with those found using Cartesian coordinates.
(a) Find the curl ¥V x F:
Your solution
Answer
popp Z
110 o0 0 .
- = = — = (zcos¢p —p)p — zsinpp + 222
o9, 96 o (zcosd—p)p PP + 222
P> p*z pzsing
(b) Find F in Cartesian coordinates

Your solution

Answer

Use p = cos ¢i+sin ¢, é: — sin ¢i+cos ¢j to get F = (2° +ay® —yz)i+ (2*y+y° +x2)j +yzk

(c) Hence find V x F in Cartesian coordinates:

Your solution

47

Answer
(z — )i —yj + 22k
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(d) Using p = cos ¢i + sin ¢j and é = —sin @i + cos ¢, show that the solution to part (a) is equal
to the solution for part (c):

Your solution

Answer
(zcosg—p) p—zsing ¢p+2z 2 = (zcos p—p)(cos ¢ i+sin¢ j)—zsin¢(—sinp i+cos¢ j)+2z k

= [2c082¢) — pcos ¢ + zsin?¢] i + [zcos ¢sin ¢ — psin ¢ — zsin peos ¢ J+2zk
=[z—pcos¢li—psing j+2zk=(z—2)i—yj+22k

Exercises

1. For F = pp+ (psing + 2)¢ + pzz, find V.- F and V x F.

2. For f = p?2?cos2¢, find V x (Vf).

Answers

1. 24cosd+p,  —p—zo+(2sing+ )2
- - P
2. 0

4. Spherical polar coordinates

In spherical polar coordinates (r,6, ¢), the 3 unit vectors are 7, Q and @_43 with scale factors h, = 1
he = r, hy = rsinf. The quantities r, & and ¢ are related to x, y and z by x = rsinf cos ¢,
=rsinf#sin¢ and z = rcos@. In spherical polar coordinates,

f of 5 1 9f -
grad f = V[ = +;%Q+rsin98_¢?

If F = F,i + Fpf + Fyo

then
1 0 0 0
dIVF—Z'E—m ar(r sin0F,) + 89(r81n9F9)+8_¢(TF¢)

roorf rsin@é

1 o 0 0

| = F = — = —

wlE=YxXE=6d|ar 98 99
F. rFy rsin0F,
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Example 25

In spherical polar coordinates, find V f for

@i=r O)f=> () f=rsin+0)
[Note: parts (a) and (b) relate to Exercises 2(a) and 2(c) on page 22.]

Solution

_of. 1af, 1 of,
@ M= 5 et n0s?
o), 10(r),; 1 9,

”
or r 00 —  rsinf 0¢p —
r

P +

of  10f. 1 Of -
ot oe T rsng 002
o), 100),, 1 a0

T T

- r 90 - rsing 8gb@

_of . 10f, 1 Of -
(c) VIio= r£+r89Q+rsin68¢Q

_ O(rsin(¢ + 9))72 n 19(rsin(¢ + 9))Q N 1 9(r*sin(¢ +0))
1

>

or Toor 00 rsin 6 0¢

1 ~ ~
= 2rsin(¢ + 0)7 + —r? cos(¢ + 0)0 + ———r*cos(¢ + 0)¢
r rsinf -

rcos(¢ + 0)

sin 6

= 2rsin(¢ + 0)r + rcos(¢ + Q)QA + é
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Engineering Example 3

Electric potential

Introduction
There is a scalar quantity V/, called the electric potential, which satisfies
VV = —FE where E is the electric field.

It is often easier to handle scalar fields rather than vector fields. It is therefore convenient to work
with V' and then derive E from it.

Problem in words
Given the electric potential, find the electric field.
Mathematical statement of problem

For a point charge, (), the potential V' is given by
L, @

dmegr

A

7
dmegr?™

Verify, using spherical polar coordinates, that £ = —VV =

Mathematical analysis

In spherical polar coordinates:

ov . 10Vé 1 oV .

V= ot e T e 062

= ——7 as the other partial derivatives are zero

or~
o1 Q |,
= — 7
or |4megr | —
_ __¢“ #
dmegr?™
Interpretation
So E = ¢ 7 as required.
4rregr?

This is a form of Coulomb’s Law. A positive charge will experience a positive repulsion radially
outwards in the field of another positive charge.
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Example 26

Using spherical polar coordinates, find V - F for the following vector functions.

(a) F=rt (b) F = r?sinfr (c) Ezrsin@f%—r?sin(bé—i-rcosﬁé

Solution

(a)

1 [9,,. o, . 0
V-F = amd @Oﬂ sinfF,) + %(7’ sinfFy) + a—¢(7"F¢)]
1

_ 0, 9 )
= e [or” Smex’””%(rsmexowa_qﬁ(r><o>]
1
r2sin 6

1 [0, 5. 0 0 B
= — E(r 81119)—1-%(0)—1-8—(]5(0)] =

r2sinf |

[3r*sinf+0+0] =3

Note :- in Cartesian coordinates, the corresponding vector is ' = xi + yj + zk with
V-F =141+ 1= 3 (hence consistency).

(b)

1<

R a, . 0
F = sy E(T sin 6 Fr)—l—%(rsm@ F9)+8—¢(TF¢)]

B [0 5 . 5. J, . 0
= S _ar(r sinf r sm@)—l—ae(rsm@xO)%—aqs(er)}

_ 2 ignzey+ Lo)r 2
~ r2sinf _(97"( sin”6) + 89(0)+ (‘3¢(0)1

= m |:47’3811’120+0+01| :47’SiH9

[0, , . o 3
r2sin 6 E(T SmQFT)—i_%(TSlHQ F9)+8_¢(TF¢>]

— 8 2 . . 2 . 8
= Sand E(T sin 0 TSIHQ)—F%(TSIDQXT 81ngb)—|—8—¢(r>< TCOSQ):|

5
e
I

_ _8 3 a2 0 3 . . 0 9
= g _07’< sin 6’)+89(r sm@smqﬁ)+8¢(r cos )

T 2 2sing [3r*sin® 6 + r° cos§ sing + 0] = 3sinf + rcot § sin ¢
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Example 27

Using spherical polar coordinates, find V x F' for the following vector fields F'.
(a) £ = r*#, where k is a constant (b) F =r%cosf 7 + sinf 6 + sin? «922

Solution
(a)
r Té rsin@é
1 o 0 0
VXE = Sandlor %8 99
F. rFy rsindF,
r ré rsin@é
B 1 0 0 0
" r2sinf| or 00 f)_gb
r® rx0 rsinf x0
1 0 0 . 0, 0 A
— i (50 @) 2+ (50H - 20 rd
8 a k . n
+ (E(O) — %(T )> rsinf Q}
= 07i+00+04=0
(b)
T ré rsin@é T r@ Tsin9£§
1 o 0 0 1 0 0 0
F = @ — _ JR— P = — P R J—
VxE = Sailor % 99 rZsnd|  or 20 00
F. rFy rsindF, r2cosf r xsinf rsinf x sin?6
— r%ﬁ {(%(r sin® @) — %(T Sinﬁ)) T+ <8—¢(r2 cosf) — %(T sin® 0)) 0
0 , 0, L
+ (E(T sinf) — %(7‘ Ccos 0)) 7 8in 0 Q}
5 1 [(3rsin200080 + 0) r+ (0 — sin® «9) ré+ (sinH + 72 sinQ) rsin 6 gg}
r2sin -
. . 2 R 2 R
_ 3sinf cosd . sin QQ—i— (I+r )sin9q§
r r r =
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Using spherical polar coordinates, find V f for
() f=1"
r
b) f— —
() f =
(c) f=r*sin20cos¢

Your solution

Answer
(a) 4r°r,

1—r?
®) e

fl

2, ., . . 1o, . ~ 2, 5 .
(c) 8T(T sin 260 cos @)1 + 7“89<T sin 260 cos ¢)¢ + Tsineﬁgb(T sin 26 cos @)

= 2rsin 260 cos ¢ f+2rcos290()s¢Q—Qrcos&singzﬁé

Exercises
1. For F = rsin@f—l—rcosngQAnLrsingbé, find V-Fand V x F.
2. For F =r~*cosff +r *sin 6, find V- F and V x F.
3. For F = r2cos0F + cos ¢f find V - (V x F).

Answers
0 A R
1. cos ¢(cot § + cosech) + 3sin 6, cot 2 sin @7 — 2sin ¢f + (2 cos ¢ — cos )¢

2.0, —2r~5sinfg
3.0
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