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Learning outcomes

In this Workbook you will learn how to integrate functions involving vectors. You will learn
how to evaluate line integrals i.e. where a scalar or a vector is summed along a line or
contour. You will be able to evaluate surface and volume integrals where a function
involving vectors is summed over a surface or volume. You will learn about some theorems

relating to line, surface or volume integrals viz Stokes' theorem, Gauss' divergence
theorem and Green's theorem.




Line Integrals 29.1

m Introduction

HELM workbook 28 considered the differentiation of scalar and vector fields. Here we consider
how to integrate such fields along a line. Firstly, integrals involving scalars along a line will be
considered. Subsequently, line integrals involving vectors will be considered. These can give scalar
or vector answers depending on the form of integral involved. Of particular interest are the integrals
of conservative vector fields.

e have a thorough understanding of the basic

Q Prerequisites techniques of integration

Before starting this Section you should . .. e be familiar with the operators div, grad and

curl
% Learning Outcomes e integrate a scalar or vector quantity along a
line
On completion you should be able to ...
2 HELM (2015):

Workbook 29: Integral Vector Calculus



1. Line integrals

HELM 28 was concerned with evaluating an integral over all points within a rectangle or other shape
(or over a cuboid or other volume). In a related manner, an integral can take place over a line or
curve running through a two-dimensional (or three-dimensional) region. Line integrals may involve
scalar or vector fields. Those involving scalar fields are dealt with first.

Line integrals in two dimensions

A line integral in two dimensions may be written as

/C F(z,y)dw

There are three main features determining this integral:
F(z,y): This is the scalar function to be integrated e.g. F(x,y) = 2 + 43°.

C: This is the curve along which integration takes place. e.g. y = 22 or z = siny
orx=1t—1; y=1t>(where x and y are expressed in terms of a parameter t).

dw: This gives the variable of the integration. Three main cases are dx, dy and ds.
Here ‘s’ is arc length and so indicates position along the curve C.
du )\ 2
ds may be written as ds = 1/ (dz)® + (dy)* or ds = \f 1+ (d_y) dzx.
x

A fourth case is when F'(z,y) dw has the form: Fydz+ Fdy. This is a combination
of the cases dx and dy.

The integral / F(z,y) ds represents the area beneath the surface z = F'(z,y) but above the curve
c
C.

The integrals / F(z,y) dx and /F(x,y) dy represent the projections of this area onto the zz
c c
and yz planes respectively.

A particular case of the integral /
c
the length along a curve i.e. an arc length.

F(z,y) ds is the integral / 1 ds. This is a means of calculating
c

Figure 1: Representation of a line integral and its projections onto the xz and yz planes
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The technique for evaluating a line integral is to express all quantities in the integral in terms of a
single variable. If the integral is with respect to 'z’ or 'y', then the curve 'C" and
the function '"F' may be expressed in terms of the relevant variable. If the integral is with
respect to ds, normally all quantities are expressed in terms of z. If z and y are given in terms of a
parameter ¢, then t is used as the variable.

Exam le 1
F|nd (1 + 4y) dz where C'is the curve y = x?, starting from x =0,y =0

and endlng at r=1,y =1.

Solution

As this integral concerns only points along C' and the integration is carried out with respect to =z,
y may be replaced by z2. The limits on x will be 0 to 1. So the integral becomes

/Cx(1+4y)dx — /io (1+42°)d / (z + 42°)
_ F;ﬂy:(gﬂ)

Example 2
Find /x(1+4y) dy where C is the curve y = 2 starting from

T = O,yc: 0 and ending at x =1,y = 1. This is the same as Example 1 other
than dx being replaced by dy.

Solution

As this integral concerns only points along C' and the integration is carried out with respect to y,
everything may be expressed in terms of 1, i.e. & may be replaced by 3'/2. The limits on y will
be 0 to 1. So the integral becomes

1 1
/x(1+4y) dy = / y'? (1 +4y) dy:/ (v +4y°%) dy
C y=0 y

=0
24 8 :pll (2 8 34
— 2o —(202) ()= 22
{3‘” T 5Y L (3+5) 0)=1;
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Example 3
Find /I;(l +4y) ds where C is the curve y = 22, starting from z =0,y =0

C
and ending at z =1,y = 1. This is the same integral and curve as the previous
two examples but the integration is now carried out with respect to s, the arc
length parameter.

Solution

As this integral is with respect to x, all parts of the integral can be expressed in terms of x, Along

Ju\ 2
y=u1a% ds= 1—i—(d—y) dr = /14 (22)*dz = /1 + 422dx
T
1

So, the integral is

1
/$(1+4y)d8=/ (1 4+ 42%) V1 + 422 da;:/ 2 (14 422" da
=0 =0

c T

d
This can be evaluated using the transformation v = 1 + 422 so du = S8zdx ie. x dx = gu

When z=0, u=1 and when z =1, u=>5.
Hence,

1 .
/ m(1—|—4x2)5/2 dx
x=0

2 |
WP = —[5%2 1] ~ 2.745
X5{“ ] 20 | ]

Note that the results for Examples 1,2 and 3 are all different: Example 3 is the area between a curve
and a surface above; Examples 1 and 2 give projections of this area onto other planes.

Example 4

Find / xy dx where, on C, x and y are given in terms of a parameter ¢ by
c

x = 3t?, y =t — 1 for t varying from 0 to 1.

Solution

Everything can be expressed in terms of ¢, the parameter. Here x = 3t? so dx = 6t dt. The limits
ontaret=0andt=1. The integral becomes

1 1
/xy dr = / 3t (t3 — 1) 6t dt :/ (18t° — 18t%) dt
C t t=0

=0
{18 §t411_18 9 27

T
7 4 |1, 7 2 14
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m Key Point 1

A line integral is normally evaluated by expressing all variables in terms of one variable.

In general

/C F(a,y) ds # /C F(z,y) dy # /C F(o,y) da

For F(z,y) = 2z + v?, find (i) / /F z,y) dy,
c c

(iii) / F(z,y) ds where C'is the line y = 2z from (0,0) to (1,2).
c

Express each integral as a simple integral with respect to a single variable and hence evaluate each
integral:

Your solution

Answer

0 eorata=i 6 [ wrAa=Y @) [ eoavia- v
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Find (i)/F(x,y) dz, (i) [ F(x,y) dy, (i )/ x,y) ds where F(z,y) =1
c c

and C'is the curve y = 122 — 2 Inz from (1, 1) to —1In2).
Your solution
Answer

2 2—(1/4)In2
(|)/ ldr =1, (||)/ 1dy—§—11n2 (i) y = %x2—ilnx:>;l—i:x—%
3
/1ds—/\/ de—/\/:cQ—l— +16x2dx—/(x+4x)dx—§+4ln2

Find (i) /CF(x,y) dz, (i) /CF(:L',y) dy, (iii) /CF(x,y) ds

where F(z,y) = sin2x and C'is the curve y = sinz from (0,0) to (5, 1).

Your solution

Answer
/2 /2 2
(i) / sin 2z dx = 1, (ii) / 2sinz cos’ x dr = 3
0 0

w/2 )
(iii) / sin 2xV'1 + cos? x dx = 5(2\/5 — 1), using the substitution u = 1 + cos® x.
0

HELM (2015):
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2. Line integrals of scalar products

Integrals of the form / F' - dr occur in applications such as the following.
c

Figure 2: Schematic for cyclist travelling from A to B into a head wind

Consider a cyclist riding along the road from A to B (Figure 2). Suppose it is necessary to find the
total work the cyclist has to do in overcoming a wind of velocity v.

On moving from S to T', along an element dr of road, the work done is given by ‘Force x distance’
= |F| x |dr| cos @ where F', the force, is directly proportional to v, but in the opposite direction, and
|dr| cos @ is the component of the distance travelled in the direction of the wind.

So, the work done travelling dr is —kwv - 0r. Letting dr become infinitesimally small, the work done
B

becomes —kuv - dr and the total work is —k v-dr.

A
This is an example of the integral along a line, of the scalar product of a vector field, with a vector
element of the line. The term scalar line integral is often used for integrals of this form. The
vector dr may be considered to be dz i +dy j +dz k.

Multiplying out the scalar product, the 'scalar line integral’ of the vector F' along contour C, is given
by / F - dr and equals /{Fx dx + F, dy + F, dz} in three dimensions, and /{Fx de + F, dy}
c c

C
in two dimensions, where F,, F,, I, are the components of F'.

If the contour C' has its start and end points in the same positions i.e. it represents a closed contour,

the symbol j{ rather than / is used, i.e. %E-@.
c c c
As before, to evaluate the line integral, express the path and the function £ in terms of either z, y

and z, or in terms of a parameter t. Note that ¢ often represents time.

% Example 5
Find /{23:3/ dx — 5x dy} where C is the curve y = 23 0 <z < 1.
c

[This is the integral / F - dr where F' = 2zyi — 5xj and dr = dv i + dy j.]
c

8 HELM (2015):
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Solution

It is possible to split this integral into two different integrals and express the first term as a function
of = and the second term as a function of y. However, it is also possible to express everything in
terms of . Note that on C, y = 23 so dy = 322 dz and the integral becomes

1 1
/{ny dx — bx dy} = / (22 2° da — 5 32% dx) = / (22* — 152°) dx
c - 0

=0

2 . 15,1 2 15 67
= —-—xr — —X = - — — — = ——

5 4 o o 4 20

An integral of the form [ F - dr may be expressed as /{Fx dr + F, dy + F, dz}. Knowing the

c c
expression for the path C, every term in the integral can be further expressed in terms of one of
the variables x, y or z or in terms of a parameter ¢ and hence integrated.

If an integral is two-dimensional there are no terms involving z.

The integral / F' - dr evaluates to a scalar.
c

Example 6
Three paths from (0,0) to (1,2) are defined by

(a) C1: y=2
(b) Cy: y=2a?
(¢) Cs: y=0from (0,0) to (1,0) and z = 1 from (1,0) to (1,2)

Sketch each path, and along each path find /E -dr, where F' = 9% + ryj.

HELM (2015): 9
Section 29.1: Line Integrals



Solution

d
(a) /E ~dr = / {y*dx + zydy}. Along y = 2z, d_y =250 dy = 2dx. Then
x

>

/Cl_.@ = Alo{(Zx)Qdm+x(2x)(2dx)}
= /01 (4:1:2—1-43:2) dx:/0183:2dx: Exﬂlzg

Yy
of - A(L,2)

Figure 3(a): Integration along path (4

d
(b) /E dr = / {y*dx + zydy}. Along y = 227, d_y = 4x so dy = 4xdx. Then
x

1 1 1
/ F-dr= / {(2902)2 dr + x (22%) (4xdx)} = / 122%dx = {Exs} _12
Ca =0 0 5) 5

0

AY
9 A(1,2)
y = 2x°
Cy
1 ~

Figure 3(b): Integration along path Cs

Note that the answer is different to part (a), i.e., the line integral depends upon the path taken.

(c) As the contour C3, has two distinct parts with different equations, it is necessary to break the
full contour O A into the two parts, namely OB and BA where B is the point (1,0). Hence

B A
/E-_rz/ Em+/ Fedr
C 0] B

10

HELM (2015):
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Solution (contd.)
Along OB, y =0 so dy = 0. Then

B 1 1
/ E-@:/ (02d:c+x><o><o):/ Odz = 0
o =0 0

Along AB, x =1 so dx = 0. Then

B 2 2 1 2
/ E'@—/ (y2><0+1><y><dy)—/ydy—|:—y2} =92
A y=0 0 2 0

Hence/ F-dr=0+2=2
Cs

Figure 3(c): Integration along path Cj

Once again, the result is path dependent.

q Key Point 3

In general, the value of a line integral depends on the path of integration as well as upon the end
points.

HELM (2015): 11
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Example 7

0
Find / F -dr, where F' = y%’—i—:cyl' (as in Example 6) and the path C; from A

A
to O is the straight line from (1,2) to (0,0), that is the reverse of C; in Example
6(a).

Deduce ¢ F -dr, the integral around the closed path C' formed by the parabola

c
y = 2% from (0,0) to (1,2) and the line y = 2z from (1,2) to (0,0).

Solution

Reversing the path interchanges the limits of integration, which results in a change of sign for the
value of the integral.

O A 8
/ E-_rz—/ Fdr=—-
A 0] 3

Example 8

Consider the vector field
F =22+ 2xyz3l' + 3xy*2°k
Let C; and C5 be the curves from O = (0,0,0) to A = (1,1, 1), given by
Ci : z=t y =1, z=1 (0<t<1)
Cy : z=t> y=t  z=t (0<t<1)
(a) Evaluate the scalar integral of the vector field along each path.

(b) Find the value of ¢ E - dr where C' is the closed path along C; from
c
O to A and back along C5 from A to O.

12 HELM (2015):
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Solution

(a) The path C is given in terms of the parameter t by © = ¢, y =t and z = ¢. Hence

dv dy dz dr dv. dy. .  dz, .=
%—%—%—L’md%—al+%l+%k—z+l+ﬁ

Now by substituting for xt =y = 2z =t in F we have

F=1%+2t"j + 3t°k

d
Hence F - d—? = t° + 2t° + 3t = 6t°. The values of t = 0 and ¢ = 1 correspond to the

start and end point of C and so these are the required limits of integration. Now

1 d 1 1
/E'_TI/E'—EdtI/Gt’adt:{tﬁ} =1
C1 0 dt 0 0

o d o
For the path (5 the parameterisation is x = t?, y =t and z = t? so d—f = 2ti+ j + 2tk.
Substituting x = t2, y =t and z = t? in F’ we have

d
F = t%+2%] + 3k and £ = = 2t + 2t + 6’ = 10t°

1 1
/E-@:/ 1Ot9dt:[t10} =1
Cs 0 0

(b) For the closed path C'

]{E-ﬂz/ E-ﬂ—/ F-dr=1-1=0
C Cl Cz

(Note: A line integral round a closed path is not necessarily zero - see Example 7.)

Further points on Example 8

Vector Field | Path | Line Integral
F 4 1
F Co 1
F closed 0

Note that the value of the line integral of F'is 1 for both paths C and (5. In fact, this result would
hold for any path from (0,0,0) to (1,1,1).

The field F' is an example of a conservative vector field; these are discussed in detail in the
next subsection.

In / F' - dr, the vector field F' may be the gradient of a scalar field or the curl of a vector field.
c

HELM (2015): 13
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Consider the vector field

G =i+ (4z —y)j
Let C and Cy be the curves from O = (0,0,0) to A = (1,1,1), given by

Cy : x=t, y=t, z=t (0<t<1)
Cy : =1t y =1, z =t (0<t<1)

(a) Evaluate the scalar integral /Q - dr of each vector field along each

c
path.

(b) Find the value of ¢ G - dr where C' is the closed path along C; from
C
O to A and back along C5 from A to O.

Your solution

14 HELM (2015):
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Answer

(a) The path C is given in terms of the parameter t by = ¢, y =t and z = t. Hence

dx dy_dz_ d[_dm, dy . dz L
a—%—%—land%—El+al+%k—l+l+k

Substituting for z =y = z =t in G we have

d
G=ti+3tjand G- — =t +3t =4t

The limits of integration are t = 0 and ¢ = 1, then

1 dr 1 1
/Q-_r_/c_;-——dt_/zltdt_{zt?} =2
Cl 0 dt 0 0

d
For the path Cj the parameterisation is x = t2, y = t and z = t? sod—§:2t1+l’+2tk.
Substituting x = 2, y =t and z = % in G we have
2. 2 : dr 3 2
G=t1+ (4 —t)landg-%:% + 4% — ¢
/ G-dr:/1(2t3+4t2—t)dt: Ftu%t?’—lﬁ}lzé
Cz_ T 0 2 3 2 0 3
4 2
(b) For the closed path C %Q-@:/Q-@—/Q-@:Q——:—
C ol Oy 33

(Note: The value of the integral around the closed path is non-zero, unlike Example 8.)

Example 9
Find / {V(2°y)} - dr where C'is the contour y = 2z — z? from (0,0) to (2,0).
c

Here, V refers to the gradient operator, i.e. V¢ = grad ¢

Solution

Note that V(x%y) = 2zyi + 27j so the integral is / {2zy dz + 2* dy}.
c
On y =2z — 22, dy = (2 — 2z) dx so the integral becomes

2
/{ny do +2* dy} = / {22(22 — 2?) dz + 2*(2 — 22) dx}
C =0
2

2
= /(6$2—4x3)dx:{2x3—x4} =0
0

0

HELM (2015): 15
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Example 10
Two paths from (0,0) to (4,2) are defined by

(a) Ci: y==x 0<zx<4

(b) C5: The straight line y = 0 from (0,0) to (4,0) followed by

C5 . The straight line 2 = 4 from (4,0) to (4,2)
For each path find / E - dr, where F = 2xi + 2yj.
c
Solution
. . 1 1
(a) For the straight line y = 5T we have dy = §dm
4 5

4
(b) For the straight line from (0,0) to (4,0) we have / F-dr= / 2z dr = 16
c 0
: 2
For the straight line from (4,0) to (4,2) we have / Fdr= / 2y dy =
Cy 0

Adding these two results gives / F-dr=16+4 =20
c

Evaluate / F - dr, where F' = (x — y)i + (z + y)j along each of the following
o J

paths
(a) Cy : from (1,1) to (2,4) along the straight line y = 3z — 2:
(b) Cy : from (1,1) to (2,4) along the parabola y = z*:

(c) Cj5 : along the straight line z = 1 from (1,1) to (1,4) then along the
straight line y = 4 from (1,4) to (2,4).

Your solution

16 HELM (2015):
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Answer

(a) /2(10x C ) dp =11,

2
4
(b) / (z + 2 +22%) do = % (this differs from (a) showing path dependence)
1

(©) /14(1+y) dy+/12(x—4) dr =8

For the function F' and paths in the last Task, deduce %E - dr for the closed
paths

(a) C; followed by the reverse of Cs.
(b) C; followed by the reverse of Cs.
(c) Cj followed by the reverse of C4.

Your solution

Answer
1 10
(a) 3 (b) 3 (c) —3. (note that all these are non-zero.)
HELM (2015): 17
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Exercises

1. Consider / F - dr, where F = 32%y%* + (22%y — 1)j. Find the value of the line integral along
- J
each of the paths from (0,0) to (1,4).
(a) y = 4z (b) y = 4z? (c) y = 4a'/? (d) y = 423

2. Consider the vector field ' = 2zi + (vz — 2)j + zyk and the two curves between (0,0,0) and
(1,—1,2) defined by

Cr:ox=ty=—t, z=2for 0 <t <1.
Co:x=t—1,y=1—t, 2=2t—2for1 <t <2

@) Find [ Fedr [ Pedr
o Cy

(b) Find ]{Eﬁ where C' is the closed path from (0,0,0) to (1,—1,2) along C; and back
c

to (0,0,0) along Cs.

3. Consider the vector field G = 2%2i + yQZl'—i- %(x?’ +93)k and the two curves between (0,0, 0)
and (1,—1,2) defined by

Cr:ao=ty=—t, z=2tfor0 <t <1.
Corx=t—1y=1—t,2=2t—2for 1 <t <2.

(a) Find/CQ-@,/C

(b) Find %Q«@ where C' is the closed path from (0,0,0) to (1, —1,2) along C; and back
c

I

~dr

to (0,0,0) along Cs.

4. Find /E - dr along y = 2z from (0,0) to (2,4) for
c

(a) £ =V(a%y)
(b) F =YV x (32%%k) [Here V x f represents the curl of f]
Answers

1. All are 12, and in fact the integral would be 12 for any path from (0,0) to (1,4).

2 (@) 2 3 ()&
3 ()0, 0 (b) O

4. (a) /C2xy dr + 2* dy = 16, (b) /Cx2y dr — zy* dy = —24.

18 HELM (2015):
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3. Conservative vector fields

For some line integrals in the previous section, the value of the integral depended only on the vector
field ' and the start and end points of the line but not on the actual path between the start and
end points. However, for other line integrals, the result depended on the actual details of the path
of the line.

Vector fields are classified according to whether the line integrals are path dependent or path indepen-
dent. Those vector fields for which all line integrals between all pairs of points are path independent
are called conservative vector fields.

There are five properties of a conservative vector field (P1 to P5 below). It is impossible to check the
value of every line integral over every path, but it is possible to use any one of these five properties
(particularly property P3 below) to determine whether or not a vector field is conservative. These
properties are also used to simplify calculations with conservative vector fields over non-closed paths.

B
P1 The line integral / F - dr depends only on the end points A and B and is independent of

A
the actual path taken.

P2 The line integral around any closed curve is zero. That is J(I{ F-dr =0 for all C.
c

P3 The curl of a conservative vector field F' is zero i.e. V x F = 0.
P4 For any conservative vector field F), it is possible to find a scalar field ¢ such that V¢ = F.
Then, ]{ F-dr = ¢(B) — ¢(A) where A and B are the start and end points of contour C.

c
[This is sometimes called the Fundamental Theorem of Line Integrals and is comparable with
the Fundamental Theorem of Calculus.]

P5 All gradient fields are conservative. That is, /' = V¢ is a conservative vector field for any
scalar field ¢.

Example 11
Consider the following vector fields.
1. Fy = y*i +zyj (Example 6) 2. F, = 2xi 4 2y;j (Example 10)

3. F3 = y*2°1 + 22y2°j 4 3xy*2°k (Example 8)
4. F, =i+ (4v —y) j (Task on page 14)

Determine which of these vector fields are conservative where possible by referring
to the answers given in the solution. For those that are conservative find a scalar
field ¢ such that ¥ = V¢ and use property P4 to verify the values of the line
integrals.

Solution

1. Two different values were obtained for line integrals over the paths C; and C5. Hence, by P1,
F, is not conservative. [lt is also possible to reach this conclusion from P3 by finding that
V x F = —yk #0]
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Solution (contd.)

2. For the closed path consisting of Cy and C3 from (0,0) to (4,2) and back to (0,0) along C4
we obtain the value 20 4+ (—20) = 0. This alone does not mean that F, is conservative as there
could be other paths giving different values. So by using P3

v j k
g o0 0 . .

VxFy= 9r 9y 0 =i(0-0)—4j(0-0)+£k0-0)=0
2¢ 2y O

As V x F, =0, P3 gives that F, is a conservative vector field.

Now, find a ¢ such that £, = V. Then %14— ?)_(51 = 2x1+ 2yj.

Thus
0
8—ﬁ:2$ = ¢=2>+ f(y)
= ¢ = 2% + y*(+ constant)
dp o
a—y—Q?J = ¢=y"+g(2)

(4,2) (4,2)
Using Pa: | Fyedr= [ (90)dr = 0(4,2) ~ 6(0,0) = (£ 4 2) - (0 + ) = 20.
(0,0) (0,0)

3. The fact that line integrals along two different paths between the same start and end points
have the same value is consistent with £y being a conservative field according to P1. So too is the

fact that the integral around a closed path is zero according to P2. However, neither fact can be
used to conclude that F'y is a conservative field. This can be done by showing that V x F'; = 0.

Now, | —  — — | = (6zyz® — 6zy2?)i — (3y°2° — 3y?2%)j + (2y2° — 2y2°)k = 0.

3

y?23 2uxyzd 3ay?z?
As V x F'3 =0, P3 gives that F'; is a conservative field.
To find ¢ that satisfies Vo = F5, it is necessary to satisfy

% — 2 o b=yt fly,2) )
o R OB BT R
% =3zy*2? — ¢ =2y’ + h(z,y) )

(1,1,1)
Using P4: / Fy-dr=¢(1,1,1) — ¢(0,0,0) =1 — 0 =1 in agreement with Example 8(a).
(0,0,0)
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Solution (contd.)

4. As the integral along C is 2 and the integral along C5 (same start and end points but different
intermediate points) is 3, Fj is not a conservative field using P1.

Note that V x F, = 4k # 0 so, using P3, this is an independent conclusion that F, is not
conservative.

Engineering Example 1

Work done moving a charge in an electric field

Introduction

If a charge, ¢, is moved through an electric field, £, from A to B, then the work
required is given by the line integral

B
WABz—q/ E-dr
A

Problem in words

Compare the work done in moving a charge through the electric field around a point charge in a
vacuum via two different paths.

Mathematical statement of problem

An electric field E is given by

£ = © r
4egr?

Q ri+yj + 2k
Ineo(@® + ¥+ ) Rt R
Q(zi+yj + 2k)
Areg(2? +y? + ZQ)%

is a combination of

where r is the position vector with magnitude  and unit vector 7, and
TEQ

constants of proportionality, where ¢y = 107 /367 F m™*.
Given that @ = 1078C, find the work done in bringing a charge of ¢ = 1071°C from the point
A = (10,10,0) to the point B = (1,1,0) (where the dimensions are in metres)

(a) by the direct straight liney =z, 2 =0

(b) by the straight line pair via C' = (10, 1,0)
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Figure 4: Two routes (a and b) along which a charge can move through an electric field

The path comprises two straight lines from A = (10,10,0) to B = (1,1,0) via C' = (10,1,0) (see
Figure 4).

Mathematical analysis

(a) Here Q/(4meo) = 90 so
90[zi + yj]

E = 5
(22 +y?)>

as z = 0 over the region of interest. The work done
B
Wap = —Q/ L-dr
0 [P 90 S
= —10 ————— [zi +yj] - [dvi + dyj]
@yt !

Using y=z, dy=dx

1
Wap = —10—10/_10 o {z dz + = dz}

1
90
= —10_10/ — 32 dx
10 (2\/5)

90 x —10710 1
_ X 2 dx
V2 10
9x —107? nk
10
_ 1
_ 9x10 ? {xl}
V2 10
1 -9
— % 1-0.1]
= 5.73x 1077 J
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(b) The first part of the path is A to C' where x = 10, dx = 0 and y goes from 10 to 1.

C

Wac = —Q/ E - dr
A

1

_ 90 . : . .

- o f (004 y2)7 (Lt ik dy]
y=10

_ g0 / L 90ydy
1

3

0 (100 4 y2)?

101

45 d

= —10_10/ gu (substituting u = 100 + 3%, du = 2y dy)
u=200 U2

o [,
= —45x 10 / u 2 du
2

00
101

— 45 x 10710 [—Qu—%]
200

9 9
V101 /200

= 45 x 10710 ( ) =259 x 10710}

The second part is C' to B, where y = 1, dy = 0 and = goes from 10 to 1.

1

_ 90 , . . .

Wep = —10 10/ m [zi 4 yj] - [dai + Of]
=10 2

B _10_10/1 90x dx
0 (22 41)2

2

45 d

= —1010/ 3u (substituting u = 2° + 1, du = 2z dx)
u=101 U2

2
= —45x 10_10/ u_% du
1

01
2

45 x 10710 [—zu—%}
101

2 2
= 45 x 1071 (— — —— ) =5.468 x 107%)J
V2 \/101>

The sum of the two components W4 and Wep is 5.73 x 1079J.

Therefore the work done over the two paths (a) and (b) is identical.

Interpretation

In fact, the work done is independent of the route taken as the electric field £ around a point charge
in a vacuum is a conservative field.
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Example 12

1. Show that I :/

(2,1)

(0,0)

path taken.

{(2zy + 1)dz + (2* — 2y)dy} is independent of the

2. Find I using property P1. (Page 19)

3. Find I using property P4. (Page 19)

4. Find I = 7{ {(2zy + 1)dz + (2* — 2y)dy} where C'is
c

(a) the circle 22 +y* =1
(b) the square with vertices (0,0), (1,0), (1,1), (0,1).

Solution

1. The integral :/

(2,1)

(0,0)

E = (2zy + )i+ (2% — 2y)5.

Now V x F' =

L J k
9o 9 9
ox dy 0z

2oy +1 22 -2y 0

{(2zy + 1)dz + (2* — 2y)dy} may be re-written / F - dr where

C

= 0i+0j +0k=0

As V x I’ =0, F is a conservative field and [ is independent of the path taken between (0, 0)

and (2,1).

2. As I is independent of the path taken from (0,0) to (2,1), it can be evaluated along any
such path. One possibility is the straight line y = %x On this line, dy = %dx. The integral

I becomes

(2,1)
Joo

{(2xy + 1)dx + (2* — 2y)dy}

? 1 1
= / {(Qx x —x + 1)dw + (2% — x)—dm}
=0 2 2

2
3 1
1 1 2
= |:§I3 — Z.T2 + CE:| ;

—=4-1+2-0=5

24
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Solution (contd.)

3. If F =Y¢ then

9,
a—izQxijl = ¢o=2y+z+ f(y)

0
f =2y — ¢=2y—y*+g(x)
y

These are consistent if ¢ = 2%y + x — y* (plus a constant which may be omitted since it
cancels).
Sol=0¢2,1)—¢0,00=4+2-1)—0=5

s o=a*y+zr—y*+C.

4. As I is a conservative field, all integrals around a closed contour are zero.

Exercises

1. Determine whether the following vector fields are conservative

(@) E=(x—y)i+(x+y)j

(b) F =322 + (2% — 1)

(c) F'=2wi+ (zz —2)j +ayk
(d) F =2z +y’z) + 5(2° + )k

2. Consider the integral /E - dr with F = 32%y% + (223y — 1)j. From Exercise 1(b) F is a
. J
conservative vector field. Find a scalar field ¢ so that V¢ = F. Use property P4 to evaluate

the integral /E - dr where C'is an integral with start-point (0,0) and end point (1,4).
c

3. For the following conservative vector fields F', find a scalar field ¢ such that V¢ = F and

hence evaluate the I = / F - dr for the contours C' indicated.
c

(a) F = (42®y — 22)i 4 (2* — 2y)j; any path from (0,0) to (2,1).
(b) F = (e" +y°)i+ (3zy?)j; closed path starting from any point on the circle z* +y* = 1.
(c) F = (y*+sinz)i+ 2xyj + x cos zk; any path from (1,1,0) to (2,0, 7).
1
(d) F = i+ 4y32%j + 2y*2k; any path from (1,1,1) to (1,2, 3).
- J

Answers
1. (a) No, (b) Yes, (c) No, (d) Yes
2. 23y —y+C, 12

3. (a) 2ty —2? — ¢y 11, (b) e+ ay?, 0;  (c) wy?® + zsinz, —1; (d) Inz + y*22,143
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4. Vector line integrals

It is also possible to form less commonly used integrals of the types:

/ f(z,9,2)dr  and / Fla,y,2) x dr.
C C

Each of these integrals evaluates to a vector.

Remembering that dr = dz i + dy j + dz k, an integral of the form / f(x,y, z) dr becomes
c

/f x,y,z)dxr i+ / flz,y,2) dy j + / f(z,y,z)dz k. The first term can be evaluated by

expressing y and z in terms of z. Similarly the second and third terms can be evaluated by expressing
all terms as functions of y and z respectively. Alternatively, all variables can be expressed in terms
of a parameter ¢. If an integral is two-dimensional, the term in z will be absent.

Example 13

Evaluate the integral / xy*dr where C represents the contour y = 22 from (0, 0)

o (1,1).

Solution

This is a two-dimensional integral so the term in z will be absent.

1 = /xy2d
:/ d:m+dyy)
c
= /dexz—i—/a:deyj
. J
1
:/ x(x dxz—l—/ 1/22dyj
=0 y=0
1
:/ 5d:m+/ 5/Qdyj

_ el 27/21.
- [5e], + [5),
1
6

o

26 HELM (2015):
Workbook 29: Integral Vector Calculus



Example 14

Find I = | xdr for the contour C given parametrically by x = cost, y = sint,

c
z = t — m starting at t = 0 and going to t = 2m, i.e. the contour starts at
(1,0, —m) and finishes at (1,0, 7).

Solution
The integral becomes / v(dri+dyj+dzk).

c
Now, x = cost, y =sint, z =t — w so dx = —sint dt, dy = cost dt and dz = dt. So

27
I = / cost(—sint dt i + cost dt j + dt k)
0

2 2 21
= —/ costsintdtz—l—/ COSQtdtj-i-/ cost dt k
0 0 - 0

1 2m 1 2 o
= ——/ sin2tdt§+—/ (14 cos2t) dtj—i—[sint} k
2 Jo 2 Jo 0

1[ 2trw'+1t+1'2t2ﬂ'+0k
= — | COS 1 — — Siln

1 o T2 "2 , LT
= Ot+my=my

Integrals of the form / F x dr can be evaluated as follows. If the vector field F' = Fii+ Fyj + F3k
g J
and dr=dzri+dyj+dzk then:

i j ok

I~y
X

=
I

F1 F2 Fg = (FQdZ—Fgdy)§+<F3d$—F1dZ)l+(F1 dy—Fle')k'

de dy dz
= (F3j — Fyk)dx + (Fik — Fzi)dy + (Fai — Fij)dz

There are thus a maximum of six terms involved in one such integral; the exact details may dictate
which method to use.
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Example 15

Evaluate the integral [ (2% + 3xyj) x dr where C represents the curve y = 2z°

from (0,0) to (1,2).

Solution

Note that the z components of both F' and dr are zero.

k

.

.

Fxdr=| 2% 3xy 0 |=(2?dy — 3zydr)k and

de dy O

/(3:21 + 3zyj) X dr = /(xQdy — 3xydz)k
c c

Now, on C, y=22% dy=4xdr and

/ (% + 3xyj) x dr = / {2°dy — 3wydr}k
C - C

1
— / {#* x dwdx — 3z x 22°dx } k
=0

1
= /—2x3dxk
0

28
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Engineering Example 2

Force on a loop due to a magnetic field

Introduction
A current [ in a magnetic field B is subject to a force F' given by
F=1drxB

where the current can be regarded as having magnitude I and flowing (positive charge) in the
direction given by the vector dr. The force is known as the Lorentz force and is responsible for the
workings of an electric motor. If current flows around a loop, the total force on the loop is given by
the integral of F' around the loop, i.e.

P $(ldrx B)=~1 (B x

where the closed path of the integral represents one circuit of the loop.

zZ
A

sv
<

T ar
Figure 5: The magnetic field through a loop of current
Problem in words

A current of 1 amp flows around a circuit in the shape of the unit circle in the Oxy plane. A magnetic
field of 1 tesla (T) in the positive z-direction is present. Find the total force on the circuit loop.

Mathematical statement of problem

Choose an origin at the centre of the circuit and use polar coordinates to describe the position of
any point on the circuit and the length of a small element.

Calculate the line integral around the circuit to give the force required using the given values of
current and magnetic field.

Mathematical analysis

The circuit is described parametrically by
r=cosf y=sinf z=0

with

= —sinf df i+ cosf db j

SRS
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since B is constant. Therefore, the force on the circuit is given by

E:—JB%@XJFLi%Ex@ (since /] =1Aand B=1T)

where
i ik
kxdr = 0 0 1
—sinf df cosfdf 0
= (—COSH@'—SinHZ)dH
So
21
F = —/ (—cos@i—sin&j)d@
6=0 N

= [sinei—cosgihzo

= (0-0)i=(1-1)j=0
Hence there is no net force on the loop.

Interpretation

At any given point of the circle, the force on the point opposite is of the same magnitude but opposite
direction, and so cancels, leaving a zero net force.

Tip: Use symmetry arguments to avoid detailed calculations whenever possible!
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A scalar or vector involved in a vector line integral may itself be a vector derivative as this next

Example illustrates.

Example 16

Find the vector line integral /(Z-E) dr where F is the vector z2%i + 2zyj+2xzk

c
and C'is the curve y = 2%, z = 23 from z = 0 to z = 1 i.e. from (0,0,0) to

(1,1,1).  Here V - F is the (scalar) divergence of the vector F'.

Solution

As F = 2%+ 2zyj + 2x2k, V - F = 22 4 22 + 2z = 6.
The integral

[@ pya = [ ontdnidyj+dsn
C C -

= /6xd:cg'+/6xdyj+/6xdzk
C c - C
The first term is

1
/61:d:c / i:[&#] i=3i
0

In the second term, as y = 22 on C, dy may be replaced by 2x dz so

1 1
/Gxdl xx?xdwi:/llﬁdml:[élxg} J=4j
0 0
In the third term, as z = 2 on C, dz may be replaced by 322 dx so
1 1 ) 9 1 9
/szzkz 6xx3x2da:E:/18m5de:[—x4} k=-k
C =0 0 2 0 2
9
On summing, /(Z~E) dr =3i+4j + 5&.
. J

Find the vector line integral / fdr where f = 2% and C'is
c

(a) the curve y = /2 from (0,0) to (9, 3).
(b) the line y = /3 from (0,0) to (9, 3).

HELM (2015):
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Your solution

Answer

—_

? 1 24 )
(a) / (2% + 59;3/21)619; = 243i + ?31, (b) / (2% + ~a”j)dx = 243i 4 81j.
0 0

w

Evaluate the vector line integral / F x dr when C' represents the contour

c
y =4—4zx, z =22z from (0,4,2) to (1,0,0) and [ is the vector field (z—z);.

Your solution

Answer

/1{(4—6$)Z+ (2—3w)k} =i+ Sk

N | —
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Exercises

1. Evaluate the vector line integral /(Z - F) dr in the case where F = xi + zyj + zy*k and
. J
C' is the contour described by x = 2t, y = t?, z = 1 — t for ¢ starting at t = 0 and going to

t=1.

2. When C' is the contour y = 23, z = 0, from (0,0,0) to (1,1,0), evaluate the vector line
integrals

(a) / (V(ay)} x dr

(b) /C (¥ x (2% + k) x dr

Answers

7
1. /(1+x)(d:p1+dyl+dz@) :41+§i—2k,
c

2. (a)k/ydy—wdeOEZQ, (b)E/2ydy=1E=k
C C
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Surface and

Volume Integrals 29.2

ﬁb Introduction

A vector or scalar field - including one formed from a vector derivative (div, grad or curl) - can be
integrated over a surface or volume. This Section shows how to carry out such operations.

& L . R
q Prerequisites e be familiar with vector derivatives
QBefore starting this Section you should ... e be familiar with double and triple integrals y
2 S
% Learning Outcomes e carry out operations involving integration of
0 leti hould be abl scalar and vector fields
t to ...
Kn completion you should be able to )
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1. Surface integrals involving vectors

The unit normal

For the surface of any three-dimensional shape, it is possible to find a vector lying perpendicular to
the surface and with magnitude 1. The unit vector points outwards from a closed surface and is
usually denoted by 7.

Example 17

If S is the surface of the sphere 22 + y? + 2% = @ find the unit normal 7.

Solution

The unit normal at the point P(z,y, z) points away from the centre of the sphere i.e. it lies in
the direction of xi + yj + zk. To make this a unit vector it must be divided by its magnitude

V2% 4+ y? + z? i.e. the unit vector is

n = 1+ J+ k
VIR +yr+ 22 Jrt oyt 42T a2

X . . z
= Ziv ik
a a— a

where a = \/x2 + y2 + 22 is the radius of the sphere.

z

=N
.

Figure 6: A unit normal n to a sphere
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Example 18

For the cube 0 <2 <1,0<y <1, 0<z<1, find the unit outward normal n
for each face.

Solution

On the face given by z = 0, the unit normal points in the negative z-direction. Hence the unit
normal is —i. Similarly :-

On the face z = 1 the unit normal is ¢. On the face y = 0 the unit normal is —7.
On the face y = 1 the unit normal is j. On the face z = 0 the unit normal is —k.
On the face z = 1 the unit normal is k.

dS and the unit normal

The vector dS is a vector, being an element of the surface with magnitude du dv and direction
perpendicular to the surface.

If the plane in question is the Oxy plane, then dS = ndudv = k dx dy.
ds

v
u
~_ /
du dv

Figure 7: The vector dS as an element of a surface, with magnitude du dv

If the plane in question is not one of the three coordinate planes (Ozy, Oxzz, Oyz), appropriate
adjustments must be made to express d.S in terms of two of dx and dy and dz.

Example 19

The rectangle OABC lies in the plane z = y (Figure 8).

The vertices are O = (0,0,0), A =(1,0,0), B=(1,1,1) and C' = (0,1, 1).
Find a unit vector n normal to the plane and an appropriate vector d.S expressed
in terms of dx and dy.

9 -
S A ’
Figure 8: The plane z = y passing through OABC
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Solution

Note that two vectors in the rectangle are OA = 4 and O? = j + k. A vector perpendicular to the

plane is i X (j + k) = —j + k. However, this vector is of magnitude v/2 so the unit normal vector

1 1 1
is 7 = ‘ ——j+ —k

L — ﬁ(_l"’k) = \/i_ 2—'

The vector dS is therefore (— k) du dv where du and dv are increments in the plane of the

1.1
_ _|__
RN
rectangle OABC'. Now, one increment, say du, may point in the x-direction while dv will point in a
direction up the plane, parallel to OC. Thus du = dz and (by Pythagoras) dv = +/(dy)? + (dz)?.

However, as z =y, dz = dy and hence dv = v/2dy.

1
Thus, dS = (——— k)dx\2dy = (—j + k) dz dy.
VoL f J
Note :- the factor of v/2 could also have been found by comparing the area of rectangle OABC,

i.e. 1, with the area of its projection in the Oxy plane i.e. OADFE with area —

7

Integrating a scalar field

A function can be integrated over a surface by constructing a double integral and integrating in a
manner similar to that shown in HELM 27.1 and HELM 27.2. Often, such integrals can be carried out
with respect to an element containing the unit normal.

Example 20

Evaluate the integral

1
ds
/1—|—x2_

over the area A where Aisthesquare 0 <z <1,0<y <1, z=0.

Solution

In this integral, dS becomes kdxdy i.e. the unit normal times the surface element. Thus the
integral is

1 1 k 1 .
——dxdy = E/ [tan’ x} dy
/yO /1?0 1+ 22 y=0 0
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Example 21

Find // u dS where u = 22 + y> + 22 and S is the surface of the unit cube
s

0<2<1,0<y<10<z<l1.

Solution

The unit cube has six faces and the unit normal vector n points in a different direction on each face;
see Example 18. The surface integral must be evaluated for each face separately and the results
summed.

On the face z = 0, the unit normal n = —i and the surface integral is

1 gl 1 AL
/ / (0* + ¢° + 2°)(—i)dzdy = —g’/ {sz + —23} dy
y=0 J 2=0 y=0 3 2z=0

! 1) 1 1]t 2
= — Y + — dy = —1 |:—y =+ —y:| = —=1
/yzo ( 3 3 3 0 3

On the face x = 1, the unit normal . = 7 and the surface integral is

1 1 1 1 1
/ / (12 + 2 + 2%)(i)dzdy = 1’/ {z + 9%z + —23} dy
y=0 J2=0 y=0 3 z=0

1 4) 1 41" 5

; 2 . 3 .
= 1 Yy o+ dy:@{—y +—y} =1
/y:0< 3 3 37], 3

The net contribution from the faces x =0 and z =1 is —%@4— %1’ =i
Due to the symmetry of the scalar field v and the unit cube, the net contribution from the faces
y =0 and y = 1 is j while the net contribution from the faces z =0 and z =1 is k.

Adding, we obtain // udS=1i+j+k
S

Q Key Point 4

A scalar function integrated with respect to a normal vector dS gives a vector quantity.

When the surface does not lie in one of the planes Oxzy, Oxz, Oyz, extra care must be taken when
finding dS.
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Example 22

Find //(Z - F)dS where F' = 2xi + yzj + xyk and S is the surface of the
s
triangle with vertices at (0,0,0), (1,0,0) and (1,1,0).

Solution

Note that V- F' =2+ z = 2 as z = 0 everywhere along S. As the triangle lies in the Oxy plane,
the normal vector n = k and dS = kdydz.
Thus,

1 e 1 z 1 1
//(Z-E)ﬁz/ / 2dydx&=/ M de:/ 2edak = [2?] k=
S =0 J y=0 0 0 0 0

Here the scalar function being integrated was the divergence of a vector function.

Example 23

Find // f dS where f is the function 2x and S is the surface of the triangle
s
bounded by (0,0,0), (0,1,1) and (1,0, 1). (See Figure 9.)

Area 5

Figure 9: The triangle defining the area S
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Solution

The unit vector n is perpendicular to two vectors in the plane e.g. (j + k) and (i + k). The
vector (j + k) x (¢ + k) = i+ j — k which has magnitude v/3. Hence the unit normal vector
h=-"4i+j— Lk
= V3= V3L VBT
As the area of the triangle S is ‘/75 and the area of its projection in the Oxy plane is % the vector

2
dS = %ﬁ dydr = (i + j + k)dydzx.

Thus
1 11—z
//fﬁ = (Z—i—j—i—&)/ / 2 dydx
S - z=0 Jy=0

1 1—x
= (z+j+&)/ [2:64 dx
x=0

y=0

Evaluate the integral // 4x dS where S represents the trapezium with vertices

at (0,0), (3,0, (2,1) and (0, 1).

(a) Find the vector dS:

Your solution

Answer
k

dx dy

(b) Write the surface integral as a double integral:

Your solution

40
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Answer

1 3—y
It is easier to integrate first with respect to x. This gives / / dx dx dy k.
y=0 J z=0

The range of values of y isy =0toy = 1.

For each value of y, x varies fromx =0tozx =3 —y

(c) Evaluate this double integral:

Your solution

Answer
38
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Exercises

1. Evaluate the integral // xydS where S is the triangle with vertices at (0,0,4), (0,2,0) and
s
(1,0,0).

2. Find the integral // xyzdS where S is the surface of the unit cube 0 <z <1,0<y <1,
0<2z<1. 8

3. Evaluate the integral // [Z- (% +yzj + x2yﬁ)] dS where S is the rectangle with vertices
< J
at (1,0,0), (1,1,0), (1,1,1) and (1,0, 1).

2 1 1 1 5
Answers 1. §1+§Z+ -k 2. Z(g+g+§), 3. 51

Integrating a vector field

In a similar manner to the case of a scalar field, a vector field may be integrated over a surface.
Two common types of integral are /E(z) -dS and /E(z) x dS which integrate to a scalar and a
vector respectively. Again, when d.S |Ss expressed approf)riately, the expression will reduce to a double
integral. The form [ F(r)-dS has many important applications, e.g. the flux of a vector field such

S
as an electric or magnetic field.

Example 24

Evaluate the integral

/ (it 2j + (20 + y)k) - dS
A

over the area A where Aisthesquare 0 <z <1,0<y <1, z=0.

Solution

On A, the unit normal is dx dy k

/A (it 2 + (22 + k) - (k dw dy)

1l 1 1
= / / (2x 4+ y) dmdy:/ {xQ—l—xy} dy
y=0 J =0 y=0 =0
1 1

1 3
= (1+y)dy = {er—yQ] ==
/yzo 27 |, 2
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Example 25

Evaluate / r - dS where A represents the surface of the unit cube
A

0<z<1, 0<y<l, 0§z§1andzrepresentsthevectorxi+yi+z@.

Solution

The vector dS (in the direction of the normal vector) will be a constant vector on each face, but
will be different for each face.

On the face z =0, dS = —dy dzi and the integral on this face is

1 1 1,1
/ / (Og’—l—yj—l—z&)-(—dydzg’):/ / Odydz=10
z=0 Jy=0 - 2=0 Jy=0

Similarly on the face y = 0, dS = —dx dz j and the integral on this face is

1 gl 1 gl
/ / (x@’+0j+zﬁ)-(—dxdzj):/ / Odedz=0
2=0 Ja=0 - a 2=0 J2=0

Furthermore on the face z = 0, dS = —dz dy k and the integral on this face is

1 1 1 1
/ / (:rg‘+yj+0k)-(—d93dy@:/ / 0dedy=0
=0 Jy=0 - =0 Jy=0

On these three faces, the contribution to the integral is thus zero.
However, on the face x = 1, dS = +dy dz1 and the integral on this face is

1 1 1 1
/ / (11+yj+zﬁ)-(—l—dydzg’):/ / ldydz=1
z=0 Jy=0 - z=0 Jy=0

Similarly, on the face y = 1, dS = +dx dz j and the integral on this face is

1 1 11
/ / (x1+1i+zﬁ)-(+da:dzl'):/ / ldrdz=1
z=0 J =0 z=0 Jx=0

Finally, on the face z = 1, dS = +dx dy k and the integral on this face is

1 1 1 1
/ / (xz+yj+1k)-(+dxdy@:/ / ldrxdy =1
y=0 J =0 - y=0 Jx=0

Adding together the contributions gives / r-dS=04+04+0+1+1+1=3
A
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Engineering Example 3

Magnetic flux

Introduction

The magnetic flux through a surface is given by B-dS where S is the surface under consideration,
S

B is the magnetic field and dS is the vector normal to the surface.

Problem in words

The magnetic field generated by an infinitely long vertical wire on the z-axis, carrying a current [, is
given by:

B = =
= 2 \ a2+

Find the flux through a rectangular region (with sides parallel to the axes) on the plane y = 0.

Mathematical statement of problem

Find the integral B - dS over the surface, 1 < x < 25, 21 < 2z < 2. (see Figure 10 which

S
shows part of the plane y = 0 for which the flux is to be found and a single magnetic field line. The
strength of the field is inversely proportional to the distance from the axis.)

A z
22

A <1

>

\
<

Figure 10: The surface S defined by 21 < x <19, 21 <2< 29

Mathematical analysis

I I
Ony:O,B:MLj and dS =drdzj so Q-ﬁzgidwdz

- 2mx = T

The flux is given by the double integral:

2 r2 I I z2 T2
/ / HoZ dr dz = Hot / [ln x] dz
z=z1 JT=T1 27'('1’ 27T z=z x1

I [*
= 'L;L / (lnxg - lnx1> dz
™ z

=z1

— 'LL_OI [z(lnxz — lnycl)r2 = Hol (22— 21)In (ﬂ)

27'(' z2=2z g
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Interpretation

The magnetic flux increases in direct proportion to the extent of the side parallel to the axis (i.e.
along the z-direction) but logarithmically with respect to the extent of the side perpendicular to the

axis (i.e. along the z-axis).

Example 26
If F = 2% + y°j + 2°k, evaluate F x dS where S is the part of the plane

S
z =0 bounded by r = £1, y = +£1.

Solution
gk

Here dS = dx dy k and hence FxdS=|a* y* 2* |=y’dedyi—a*dedyj
0 0 dxdy

1 1 1 1
//Exﬁ:/ / yzdxdyi—/ / v dx dy j
S y=—1Jr=—1 y=—1Jx=—1 -

The first integral is

1 1 1 1 1 2 1 4
/ / y? dx dy =/ ly%l dy:/ 2y’ dy = {—y?’} ==
y=—1Jo=—1 y=—1 o—1 y=—1 371, 3
1 1 4
Similarly / / 22 drdy = —.
y=—1Jz=—1 3

Thus//gx@:%@_%j
S 3 3_

m Key Point 5

(a) An integral of the form /E(z) - dS evaluates to a scalar.
s

(b) An integral of the form /E(f) X dS evaluates to a vector.
s

The vector function involved may be the gradient of a scalar or the curl of a vector.
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Example 27
Integrate // (V¢).dS where ¢ = 22 +2yz and S is the area between y = 0 and
S

y=x2for 0 <x<1andz=0. (See Figure 11.)

- >

Figure 11: The area S between y =0 and y = 2% for 0 <z < 1land z =0

Solution

Here V¢ = 2wi + 2zj + 2yk and dS = k dydz. Thus (V¢).dS = 2ydydx and

1 x?
/ / (V¢).dS = / / 2y dydx
S =0 Jy=0
1 z? 1
= / {yQ} dx :/ zldx
=0 y=0 =0

For integrals of the form //E - dS, non-Cartesian coordinates e.g. cylindrical polar or spherical
S

polar coordinates may be used. Once again, it is necessary to include any scale factors along with
the unit normal.

Example 28

Using cylindrical polar coordinates, (see HELM 28.3), find the integral /E(f) -dS
S
for F = pzp+ zsin® ¢2 and S being the complete surface (including ends) of the

cylinder p < a, 0 < z < 1. (See Figure 12.)

Figure 12: The cylinder p <a, 0 <2<1
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Solution

The integral /E(f) - dS must be evaluated separately for the curved surface and the ends.

S
For the curved surface, dS = pad¢dz (with the a coming from p the scale factor for ¢ and the fact
that p = a on the curved surface Thus, F - dS = a*z d¢dz and

//Sﬂz)-ﬁ _ /0/¢ o?z dod:

1 1
= 27ma’® / 2 dz = 27a’® [—22} = ma’
z2=0 2 0

On the bottom surface, z = 0 so F' = 0 and the contribution to the integral is zero.
On the top surface, z =1 and dS = 2p dpd¢ and F - dS = pzsin® ¢ dodp = psin® ¢ dedp and

//Sﬂz)-ﬁ - /pO/Mpsm b dgdp
= W/ pdp—2 a’
p=0

1 3
So // -dS = ma® + 27ra = §7ra2

Engineering Example 4

The current continuity equation

Introduction

When an electric current flows at a constant rate through a conductor, then the current continuity
equation states that

741-@:
S

where J is the current density (or current flow per unit area) and S is a closed surface. The equation
is an expression of the fact that, under these conditions, the current flow into a closed volume equals
the flow out.

Problem in words

A person is standing nearby when lightning strikes the ground. Find the potential difference between
the feet of that person.
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Figure 13: Lightning: a current dissipating into the ground
Mathematical statement of problem
The current from the lightning dissipates radially (see Fig 13).

(a) Find a relationship between the current I and current density J at a distance r from the

strike by integrating the current density over the hemisphere [ = /i -dS

S
I
(b) Find the field E from the equation FE = 2p2 where E = |E| and I is the current.
mr
Ry
(c) Find V' from the integral / E-dr
Ry

Mathematical analysis

Imagine a hemisphere of radius r level with the surface of the ground so that the point of lightning
strike is at its centre. By symmetry, the pattern of current flow from the point of strike will be
uniform radial lines, and the magnitude of J will be a constant, i.e. over the curved surface of the
hemisphere J = Jr.

Since the amount of current entering the hemisphere is I, then it follows that the current leaving
must be the same i.e.

I = / J-dS (where S, is the curved surface of the hemisphere)
Sc

S CREE
SC
= J/ ds
Se
= 2mr?J  [= surface area (277?) x flux (J)]

since the surface area of a sphere is 47r2. Therefore
I

27?2

Note that if the current density J is uniformly radial over the curved surface, then so must be the
electric field £, i.e. £ = Er. Using Ohm's law

J=ocFE o FE=pJ

where o0 = conductivity = 1/p.
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pl
27?2

The potential difference between two points at radii R; and Ry from the lightning strike is found by
integrating £/ between them, so that

Ro
v e
Ry
Ro
= / E dr
Ry
ol /R2 dr
- 27T Ry 1"2

:eqjﬁ

2r | 7 g,
a1 ol (BB
N 2 Rl R2 N 2 R1 Rg

Interpretation

Hence FE =

e

Suppose the lightning strength is a current I = 10,000 A, that the person is 12 m away with
feet 0.35 m apart, and that the resistivity of the ground is 80 2 m. Clearly, the worst case (i.e.
maximum voltage) would occur when the difference between R; and R; is greatest, i.e. R;=12 m
and Ry=12.35 m which would be the case if both feet were on the same radial line. The voltage
produced between the person’s feet under these circumstances is

-2k

ot |Ri Ry
80 x 10000 [ 1 1
- 2w
~ 300V

For F = (2° 4+ y?)i + (2* + 2*)j 4 222k and S the square bounded by (1,0,1),

(1,0,-1), (=1,0,—1) and (—1,0,1) find the integral /E-@
s

Your solution

Answer

1 1
dS = dxdzj / / (2° + 2%) dadz = g

1 1
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For F = (2% + 4*)i + (2° + 2%)j + 222k and S being the rectangle bounded by
(1,0,1), (1,0,—1), (—1,0,—1) and (—1,0,1) (i.e. the same F and S as in the

previous Task), find the integral /E x dS
S

Your solution

Answer

(I s [ o)

Exercises

1. Evaluate the integral // V¢ - dS for ¢ = 22zsiny and S being the rectangle bounded by
S
(0,0,0), (1,0,1), (1,7, 1) and (0,7, 0).

2. Evaluate the integral //(Z x I') x dS where I' = we¥i + ze¥j and S represents the unit
s
square 0 <z <1, 0<y < 1.

3. Using spherical polar coordinates (r, 6, ¢), evaluate the integral // F-dS where F' = r cos 0r
S
and S is the curved surface of the top half of the sphere r = a.

2
Answers 1. —3 2. (e—1)j, 3.ma®

2. Volume integrals involving vectors

Integrating a scalar function of a vector over a volume involves essentially the same procedure as in
HELM 27.3. In 3D cartesian coordinates the volume element dV is dzdydz. The scalar function may
be the divergence of a vector function.
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Example 29
Integrate V - I over the unit cube 0 <2 <1, 0<y <1,0<2z<1 where F'is
the vector function z%yi + (z — z)j + 2z2°k.

Solution

0 0 0
V.-F= —(r— (2 —9 4
x( y) + y(:z: z) + z( r2?) xy +4xz

The integral is

1 1
/ / / (2zy + 4zz)dzdydx = / / [2a:yz + 23:2*1 dydx
=0 Jy=0 J z=0 y=0 0
1
= / / (2zy + 2z) dydx = / [ny + 2xy} dx
=0 Jy=0 =0 0
1 3 71
= / 3xdx = [—xQ} = §
R 2 |, 2

‘ Key Point 6

The volume integral of a scalar function (including the divergence of a vector) is a scalar.

Using spherical polar coordinates (r, 6, ¢) and the vector field F = r? #+72 sin 0 0,

evaluate the integral /// Y - F dV over the sphere given by 0 < r < a.
v

Your solution

Answer
V- F =4r+ 2rcosb, / / / {(4r 4 2r cos O)r? sin 0} dpdfdr = 4ma*
r=0 J0=0 J ¢p=0

The 72 sin @ term comes from the Jacobian for the transformation from spherical to cartesian coor-
dinates (see HELM 27.4 and HELM 28.3).
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Exercises
1. Evaluate // YV - FdV when F is the vector field yzi + xyj and V is the unit cube
v J
0<z<1,0<y<1,0<2<1

2. For the vector field I = (2%y+sin 2)i+(zy*+e*)j+(2°+a¥)k, find the integral // V-FdV
v
where V' is the volume inside the tetrahedron bounded by x =0, y =0, z = 0 and z+y+2z = 1.

Answers 1. V-F =z, 1 2. l
2 60

Integrating a vector function over a volume integral is similar, but less common. Care should be
taken with the various components. It may help to think in terms of a separate volume integral for
each component. The vector function may be of the form Vf or V x F.

Example 30
Integrate the function F' = 2%i+2; over the prism given by 0 <z < 1,0 <y < 2,
0<z<(l—ux). (See Figure 14.)

Figure 14: The prism bounded by 0 <2 <1, 0<y <2, 0<z<(1—1x)

Solution

The integral is

2 1—x
/ / / (z%i + 2j)dzdydx = / / |:ZB2ZZ + 2Zj:| dydx
=0 y 0Jz=0 y=0 "1 z=0

— / {#*(1 — 2)i +2( 1—xj}dydac—/ {(xQ—x3)§+(2—2x)l'}dydx

=0 0
o 9 1 1

= / {(22* — 22%)i+ (4 — 42)j} dv = [(§x3 — §x4)1 + (4z — 2x2)4
=0 0
1

= 61 +25
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Example 31
For F = x2yi + 3/21 evaluate /// (V x F')dV where V is the volume under the

.
plane z =z +y + 2 (and above z =0) for —1 <z <1, -1 <y <1

Solution
gk
o o0 0
F=| — — _Z |=_z2
VxE or Oy 0z Tk
2?2y y? 0

1 1 T+y+2
/ / (—2?)k dzdydx
=—1Jy=—-1J2=0

A
= / 11 /y 1 [<—x2)z@r+y+2dydx

Figure 15: The plane definedby z =z +y+z,forz >0, -1 <z <1, -1 <y<1

HELM (2015): 53
Section 29.2: Surface and Volume Integrals



Q Key Point 7

The volume integral of a vector function (including the gradient of a scalar or the curl of a vector)
is a vector.

Evaluate the integral / FdV for the case where F' = zi +4%j + zk and V is the
. J
cube -1 <z <1, -1<y<1, -1 <2< 1.

Your solution

Answer

1 1 1 3
/ / / (zi +y%j + zk)dzdydr = ~j
z=—1Jy=—1J2=-1 - 3=

Exercises

1. For f = 2? + yz, and V the volume bounded by y = 0, z +y = 1 and —z +y = 1 for
—1 < z <1, find the integral // (VfHav.
1%

2. Evaluate the integral /(Z x F)dV for the case where F = xzi + (2° +y3)j — 4yk and V is
. J
the cube -1 < <1, -1 <y<1, -1<z< 1.

Answers

2
1. /// (220 + zj +yk)dV = Sk,
Y - 3
2. ///(—4g+xi+3x2@)dvz —32i + 8k
\%
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Integral Vector
Theorems 29.3

Q Introduction

Various theorems exist relating integrals involving vectors. Those involving line, surface and volume
integrals are introduced here.

They are the multivariable calculus equivalent of the fundamental theorem of calculus for single
variables (“integration and differentiation are the reverse of each other”).

Use of these theorems can often make evaluation of certain vector integrals easier. This Section
introduces the main theorems which are Gauss' divergence theorem, Stokes' theorem and Green's
theorem.

/ e be able to find the gradient of a scalar field \
q Prerequisites and the divergence and curl of a vector field

e be familiar with the integration of vector

functions j
\

Before starting this Section you should . ..

"

/
Q Learning Outcomes e use vector integral theorems to facilitate
vector integration
\On completion you should be able to . .. )
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1. Stokes’ theorem

This is a theorem that equates a line integral to a surface integral. For any vector field /' and a
contour C' which bounds an area S,

/L@XB&EZ%E@E

das

C

Figure 16: A surface for Stokes' theorem
Notes

(a) dS is a vector perpendicular to the surface S and dr is a line element along the contour C.
The sense of dS is linked to the direction of travel along C' by a right hand screw rule.

(b) Both sides of the equation are scalars.

(c) The theorem is often a useful way of calculating a line integral along a contour composed of
several distinct parts (e.g. a square or other figure).

(d) ¥ x F is a vector field representing the curl of the vector field F' and may, alternatively, be
written as curl F.

Justification of Stokes’ theorem

Imagine that the surface S is divided into a set of infinitesimally small rectangles ABC'D where the
axes are adjusted so that AB and C'D lie parallel to the new z-axis i.e. AB = éx and BC' and AD
lie parallel to the new y-axis i.e. BC' = dy.

Now, ¢ F -dr is calculated, where C' is the boundary of a typical such rectangle.
c

The contributions along AB, BC', CD and DA are
F(x,y,0) - dz = F,(z,y, 2)dz,
E(r +6x,y,0) - dy = Fy(z + 0z, y, 2)0y,
E(z,y+0y,0) - (—bz) = —Fu(x,y + by, 2)0z
E(z,y,0) - (=dz) = —F,(z,y, 2)0y.

(Fo(2,y, 2) — Fulz,y + 6y, 2))0x + (Fy(x + 02, y, 2) — Fy(x,y,2))dy

F, F,
Q(Sx(Sy — aayz

T~
=
3
2

Q

o oxdy

(V x F).68
(V x F)-dS

as dS is perpendicular to the x- and y- axes.
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Thus, for each small rectangle, %E cdr~(VxF)-dS
c

When the contributions over all the small rectangles are summed, the line integrals along the inner
parts of the rectangles cancel and all that remains is the line integral around the outside of the surface
S. The surface integrals sum. Hence, the theorem applies for the area S bounded by the contour C.
While the above does not constitute a formal proof of Stokes' theorem, it does give an appreciation
of the origin of the theorem.

Contribution does y_,T y_j
not cancel

Contributions cancel

Figure 17: Line integral cancellation and non-cancellation

Q Key Point 8

Stokes’ Theorem

]iﬂﬂz//s(ZXE)-ﬁ

The closed contour integral of the scalar product of a vector function with the vector along the
contour is equal to the integral of the scalar product of the curl of that vector function and the unit
normal, over the corresponding surface.
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Example 32
Verify Stokes' theorem for the vector function F' = y*i — (z + z)j + yzk and the
unitsquare 0 <z <1, 0<y <1, 2=0.

Solution

If F =y’ — (x+2)j +yzkthen Vx F=(z2+1)i+ (-1 -2y)k =i+ (-1 —2y)k (as z = 0).
Note that dS = dxdyk so that (V X F)-dS = (—1 — 2y)dydx

Ths [ [(@xp)-as - /miofi(](—l—zy)dydx
= [ -] w=[ (-2

1
= [ —24 =-240=-2
0

To evaluate j{ F - dr, we must consider the four sides separately.

c
When y =0, F' = —zj and dr = dzi so I'-dr = 0 i.e. the contribution of this side to the integral
is zero.
When z =1, F = y% — jJ and dr = dyj so F - dr = —dy so the contribution to the integral is

L[]

When y =1, F =i —xj and dr = —dzi so I - dr = —dx so the contribution to the integral is

o[

When z =0, F = y?i and dr = —dyj so I'- dr = 0 so the contribution to the integral is zero.

The integral j{ F' - dr is the sum of the contributionsi.e. 0 —1—1+0= —2.

C
Thus // (VX F)-dS = f F -dr = —2 i.e. Stokes' theorem has been verified.
S c
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Example 33

Using cylindrical polar coordinates verify Stokes’ theorem for the function F' = pQé
the circle p = a,z = 0 and the surface p < a,z = 0.

Solution
Firstly, find j{E - dr. This can be done by integrating along the contour p = a from ¢ = 0 to
c

¢ = 2. Here F = a?¢ (as p = a) and dr = a d¢ ¢ (remembering the scale factor) so F-dr = a*d¢
and hence

27
?{EQZ/ addo = 2ra’
C 0

As F —,02(;5 VxF=3pzand (Vx F)-dS=3pasdS=23.

Thus
(VxF)-dS = / / 3p x pdpdp = / / 3p*dpdg
S ¢=0 J p=0 ¢=0 J p=0

) Azo{p3] o= [ o = 2m
Hence
%:E'@://S@XE)-QZQW*

—

Example 34

Find the closed line integral j{ E'-dr for the vector field F' = y%i+(2®—2)j+2zyk
= J

and for the contour ABCDFEFGHA in Figure 18.

v, F(1,7) E(5,7)
H(0,4) — 5o C(6,4)
G(1,4)
A(0,0) B6.0) .,

Figure 18: Closed contour ABCDEFGHA
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Solution

To find the line integral directly would require eight line integrals i.e. along AB, BC, CD, DFE,
EF, FG, GH and HA. It is easier to carry out a surface integral to find // (V x F) - dS which
s

is equal to the required line integral ]{ F - dr by Stokes' theorem.

C
i j k
As F=yi+ (a?—2)j+2ayk, VX F=| & & & |=Qu+1)i—2yj+ 2z -2k
y? 22—z 2ay

As the contour lies in the z-y plane, the unit normal is k and dS = dxdyk
Hence (V x F) - dS = (2z — 2y)dxdy.

To work out (V x F)-dS, it is necessary to divide the area inside the contour into two smaller
s
areas i.e. the rectangle ABCDGH and the trapezium DEFG. On ABCDGH, the integral is

4

4 16 4 6
/ / (2x — 2y)dxdy = / [xZ — Qxy] dy = / (36 — 12y)dy
y=0 Jz=0 y=0 =0 y=0

4
= {36y—6y21 =36x4—6x16—0=48
0
On DEFG, the integral is

7T py—2 7 y—2 7
/ / (2x — 2y)dxdy = / {xQ — 2:By] dy = / (—y* + 2y + 3)dy
y=4 Jzr=1 y=4 y=4

=1

7
4 4
] ——%+49+21+%—16—12_—51

1
- [—gy?’ +y* +3y

4

So the full integral is, //(Z x F)-dS =48 — 51 = —3.
S

.. By Stokes’ theorem, j{ F-dr=-3
c

From Stokes’ theorem, it can be seen that surface integrals of the form (V x F) - dS depend

S
only on the contour bounding the surface and not on the internal part of the surface.
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Verify Stokes' theorem for the vector field F = 22 + 2zyj + zk and the triangle
with vertices at (0,0,0), (3,0,0) and (3,1, 0).

First find the normal vector dS:

Your solution

Answer
dxdyk

Then find the vector V x F’:

Your solution

Answer
2yk

Now evaluate the double integral // (V x F) - dS over the triangle:
S

Your solution

Answer
1

HELM (2015): 61
Section 29.3: Integral Vector Theorems



Finally find the integral /E - dr along the 3 sides of the triangle and so verify that the two sides of

the Stokes’ theorem are equal:

Your solution

Answer
94+3-11=1, Both sides of Stokes' theorem have value 1.

Exercises

1. Using plane-polar coordinates (or cylindrical polar coordinates with z = 0), verify Stokes’
theorem for the vector field ' = pp + pcos <7r7p) é and the semi-circle p <1, =7 < ¢ < 7.

2. Verify Stokes’ theorem for the vector field F' = 21 + (y*> — 2)j + 22k and the contour around

the rectangle with vertices at (0, —2,0),(2,—-2,0), (2,0,1) and (0,0, 1).
3. Verify Stokes’ theorem for the vector field /' = —yi + xj + zk

(a) Over the triangle (0,0,0), (1,0,0),(1,1,0).
(b) Over the triangle (1,0,0), (1,1,0),(1,1,1)

4. Use Stokes' theorem to evaluate the integral

1 2\ .
fEdr where Ez(sin<—+1>+5y)z+<2m—ey )
C Xz

and C'is the contour starting at (0,0) and going to (5,0), (5,2), (6,2), (6,5), (3,5), (3,2),
(0,2) and returning to (0,0).

Answers

1. Both integrals give 0,

2. Both integrals give 1

3. (a) Both integrals give 1 (b) Both integrals give 0 (as V x F is perpendicular to dS)
4. 57, [V x F=—3k]
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2. Gauss’ theorem

This is sometimes known as the divergence theorem and is similar in form to Stokes' theorem but
equates a surface integral to a volume integral. Gauss' theorem states that for a volume V', bounded
by a closed surface S, any ‘well-behaved" vector field F' satisfies

[ fffsen

Notes:
(a) dS is a unit normal pointing outwards from the interior of the volume V.
(b) Both sides of the equation are scalars.

(c) The theorem is often a useful way of calculating a surface integral over a surface composed of
several distinct parts (e.g. a cube).

(d) V- F is a scalar field representing the divergence of the vector field F' and may, alternatively,
be written as div F.

(e) Gauss' theorem can be justified in a manner similar to that used for Stokes’' theorem (i.e. by
proving it for a small volume element, then summing up the volume elements and allowing the
internal surface contributions to cancel.)

q Key Point 9

Gauss’ Theorem

e

The closed surface integral of the scalar product of a vector function with the unit normal (or flux of
a vector function through a surface) is equal to the integral of the divergence of that vector function
over the corresponding volume.
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Example 35
Verify Gauss' theorem for the unit cube 0 <2 <1, 0<y<1,0<2<1 and
the function ' = x1 + zj

Solution

To find //E - dS, the integral must be evaluated for all six faces of the cube and the results
s

summed.
On the face * = 0, F' = zj and dS = —i dydz so F - dS = 0 and

1,1
//E-ﬁ://Odydz:O
s 0o Jo

On the face x =1, FF =i+ zj and dS = i dydz so I' - dS = 1 dydz and

1l
//E~ﬁ://1dydz:1
S 0o Jo

On the face y = 0, F' = xi + zj and dS = —j dwdz so F' - dS = —z dxdz and

1l 1
//E-d_:—//zd:pdz:——
S o Jo 2

On the face y = 1, ' = zi + zj and dS = j dxdz so F - dS = z dxdz and

1,1 1
//E~ﬁ://zdxdz:—
s 0o Jo 2

On the face 2 =0, F = xi and dS = —k dydz so F - dS = 0 dzdy and

1,1
//E~ﬁ://0dxdyzo
s o Jo

On the face 2 =1, F'=wi+ j and dS = k dydz so F - dS = 0 dzdy and

1 1
//E-ﬁ://dedy:O
s o Jo

1 1
Thus, summing over all six faces, //E-ﬁ:0+1—§+§+0+0:1.
s

To find // V- -FdV notethatZ-E:£x+ﬁz:1+O:1.
v ox dy

1,1 p1
So// Z~EdV:///1dxdydz:1.
1% o Jo Jo
So //E'ﬁ:///Z~EdV:1 hence verifying Gauss' theorem.
s 1%

Note: The volume integral needed just one triple integral, but the surface integral required six double
integrals. Reducing the number of integrals is often the motivation for using Gauss' theorem.
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Example 36
Use Gauss' theorem to evaluate the surface integral //E - dS where F is the
s

vector field z%yi + 2zyj + 23k and S is the surface of the unit cube 0 < 2 < 1,
0<y<10<z<lL.

Solution

Note that to carry out the surface integral directly will involve, as in Example 35, the evaluation of
six double integrals. However, by Gauss' theorem, the same result comes from the volume integral

/// V-FdV. AsV-F =2zxy+2x+ 322 we have the triple integral
v

1 1 1
/ / / (22y + 27 + 327) dadydz
o Jo Jo
1 1 1 1 1
= / / {ny + 22 + 3:52:2] dydz = / / (y 4+ 1+ 32%)dydz
o Jo 2=0 o Jo
1 1 1 1 1 1 3
= /‘Ly”+y+%f} dz:/ﬁ—+1+3fmz:/f_+3£mz
0 2 =0 0 2 0 2

y_
3 +31 5
= |=z+z = -
2 . 2

The six double integrals would also sum to g but this approach would require much more effort.

Engineering Example 5

Gauss’ law

Introduction

From Gauss’ theorem, it is possible to derive a result which can be used to gain insight into situations
arising in Electrical Engineering. Knowing the electric field on a closed surface, it is possible to find
the electric charge within this surface. Alternatively, in a sufficiently symmetrical situation, it is
possible to find the electric field produced by a given charge distribution.

Gauss' theorem states

[ [ [ e

If ' = E, the electric field, it can be shown that,

V.F=V.E=1

€0
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where ¢ is the amount of charge per unit volume, or charge density, and ¢ is the permittivity of free
space: g9 = 1072/36mr F m™! =~ 8.84x 1072 F m~!. Gauss' theorem becomes in this case

[ s [ 2o ff e
f [

which is known as Gauss' law. Here @) is the total charge inside the surface S.

Note: this is one of the important Maxwell’s Laws.
Problem in words

A point charge lies at the centre of a cube. Given the electric field, find the magnitude of the charge,
using Gauss' law .

Mathematical statement of problem

Consider the cube —% <z< % —% <y< % —% <z< % where the dimensions are in metres. A
1

point charge () lies at the centre of the cube. If the electric field on the top face (2 = 3) is given by

0 ri+yj+ 2k
(22 4+ y* + 2?)

%
find the charge () from Gauss' law .

3
2

1 1
2 2 1\ 4
[Hint: /2 /2 (x2+y2+—> dydx:—W]
p=—t Jy=—1 4 3

Mathematical analysis

From Gauss' law

[t
S €0
o)
Q:€0//E'ﬁ=650// E-dS
S S(top)

since, using the symmetry of the six faces of the cube, it is possible to integrate over just one of
them (here the top face is chosen) and multiply by 6. On the top face

vi+yj + 3k
E-10—""T22
(@ o+ 1)
and
dS = (element of surface area) x (unit normal)
dx dy k
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So

=
IS
nn
I
—_
[a)
N |+
lo
QU
<
ISH
S

Now

3
2

Lo -
// E-df =/ / 5(a:2+y2+—) dy dz
S(top) r:—% :_% 4
4m

= 5X 3 (using the hint)
207
3

So, from Gauss' law,

20
Q = 62y X Tﬂ — 40mey ~ 107°C

Interpretation

Gauss' law can be used to find a charge from its effects elsewhere.

zi+yj+ Lk ;
LT RR comes from the fact that £ is radial and equals 10% —10%
r

The form of £ =10 3 5
(.’]72 + ,y2 + le) 2 T

Example 37

xzk and the triangular prism

Verify Gauss' theorem for the vector field F' = le'—
0,4,0), (2,4,0) and (0,4,1) (see

with vertices at (0,0,0), (2,0,0), (0,0,1), (

Figure 19).
(0,0,1) (2,4,0)
(0,0,0) PXX0) -
Figure 19: The triangular prism defined by six vertices
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Solution

As F =y*j —xzk, V- F =042y —z =2y — .
Thus

1—z/2
///Z-Edv = / / / (2y — z)dzdydx
\%4 =0 Jy=0Jz
1-z/2 2 4 1
= / / [Qyz - [E2’:| dydxr = / / (2y — vy — x + ~2?)dydx
z=0 Jy=0 2=0 =0 Jy=0 2

2 1 2
= / [y — —a:y —xy+ -x y] dr = (16 — 12 + 22%)dx
2 .17 40
= {16:{; — 622 + —x3] = —
37|, 3

To work out // F -dS, it is necessary to consider the contributions from the five faces separately.

S
On the front face, y = 0, F' = —xzk and dS = —j thus I’ - dS = 0 and the contribution to the
integral is zero.
On the back face, y =4, F = 16) — zz2k and dS = j thus F'-dS = 16 and the contribution to the
integral is

1—z/2 1—x/2 2
/ / 16dzdr = { 162} dr = 16(1 — x/2)dx = { 162 — 4:52} = 16.
x=0 :1: 0 0
On the left face, t =0, F =y ] and dS = —i thus £'-dS = 0 and the contribution to the integral
is zero.

On the bottom face, z =0, F = y21 and dS = —k thus F - dS = 0 and the contribution to the
integral is zero.

On the top right (sloping) face, z = 1—x/2, F = ?j+(32>—x)k and the unit normal 7, = fz—i- \[E

Thus dS = [\/igg'—l— \%@] dydw where dw measures the distance along the slope for a constant y.
As dw = ‘/ngx, ds = [%;HL E} dydx thus F - dS = 16 and the contribution to the integral is

2 4 1 2 9 2 ]
/ / (z2? — x)dydx = / (22? — 4a)dx = {—x?’ — 2932] = ——,
=0 Jy=0 2 =0 3 0 3

4
Adding the contributions, //E -dS=04+164+0+0— g = EO
s

4
Thus //E -dS = /// V. -FdV = 30 hence verifying Gauss' divergence theorem.
s v
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Engineering Example 6

Field strength around a charged line

Problem in words

Find the electric field strength at a given distance from a uniformly charged line.

Mathematical statement of problem

Determine the electric field at a distance r from a uniformly charged line (charge per unit length p).
You may assume from symmetry that the field points directly away from the line.

| ——»

N )
: )

Figure 20: Field strength around a line charge
Mathematical analysis

Imagine a cylinder a distance 7 from the line and of length [ (see Figure 20). From Gauss' law

f s

As the charge per unit length is pr, then the right-hand side equals prl/o. On the left-hand side,
the integral can be expressed as the sum

S S(ends) S(curved)

Looking first at the circular ends of the cylinder, the fact that the field lines point radially away
from the charged line implies that the electric field is in the plane of these circles and has no normal
component. Therefore E - dS will be zero for these ends.

Next, over the curved surface of the cylinder, the electric field is normal to it, and the symmetry
of the problem implies that the strength of the electric field will be constant (here denoted by E).
Therefore the integral = Total curved surface area x Field strength = 27l E.

So, by Gauss' law

[ Epas+[[  mas-2
S(ends) S (curved) €0
or

0 + 2rriE = PE

€0
Interpretation

PL
2megr

Hence, the field strength E is given by FE =
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Engineering Example 7

Field strength on a cylinder

Problem in words

Given the electric field £ on the surface of a cylinder, use Gauss' law to find the charge per unit
length.

Mathematical statement of problem
On the surface of a long cylinder of radius a and length [, the electric field is given by

pr (a+bcosh) i —bsinb f
2eg (a? + 2abcos b + b?)

E =

(using cylindrical polar co-ordinates) due to a line of charge a distance b (< a) from the centre of
the cylinder. Using Gauss’ law , find the charge per unit length.

2m a+bcost 2
Hint:- df = —
" /0 (a® + 2abcos 6 + b?) a

Mathematical analysis

Consider a cylindrical section - as in the previous example, there are no contributions from the ends
of the cylinder since the electric field has no normal component here. However, on the curved surface

dS=adfdzr

SO

PL a+ bcos
E-dS = dé d
E-d5 2mey (a? + 2abcos b + b?) ¢ -

Integrating over the curved surface of the cylinder

l 0=2m
//Eﬁ _ / / apr, : a+bcosl b d
g w0 Jo—o 2meg (a® 4 2abcosf + b?)

aprl [*™ a+bcosf
= df
21eg Jo  (a? + 2abcosB + b?)

[ . . :
_ e using the given result for the integral.
€0

Then, if @ is the total charge inside the cylinder, from Gauss' law

[
pl _ Q@ o pL = Q as one would expect.
€0 €0 l

Interpretation

Therefore the charge per unit length on the line of charge is given by p;, (i.e. the charge per unit
length is constant).
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Verify Gauss’ theorem for the vector field /' = zi — yj + zk and the unit cube
0<z<1,0<y<1,0L2< 1.

(a) Find the vector V - F.
1o gl
(b) Evaluate the integral / / V - Fdxdyd:z.
0Jy=0 Jz=0

) For each side, evaluate the normal vector dS and the surface integral

//FdS

) Show that the two sides of the statement of Gauss’ theorem are equal.

Your solution

Answer
(@) 1-1+1=1

(b) 1
(c) —dxdyk, 0; dxdyk, 1; —dvdzj, 0; dxdzj, —1; —dydzi, 0; dydzi, 1
(d)

d) Both sides are equal to 1.
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Exercises

1. Verify Gauss' theorem for the vector field F' = 4xzi — y2l' + yzk and the cuboid 0 < x < 2,
0<y<3 0<2<4.

2. Verify Gauss' theorem, using cylindrical polar coordinates, for the vector field F' = ,0*2@ over
the cylinder 0 < p <ry, =1 < 2z <1 for

(a) o = 1
(b) T0:2

3. If S is the surface of the tetrahedron with vertices at (0,0,0), (1,0,0), (0,1,0) and (0,0, 1),
find the surface integral

//S(xz—l-yzl)ﬁ

(a) directly
(b) by using Gauss' theorem

Hint :- When evaluating directly, show that the unit normal on the sloping face is \/Lg(g‘flﬁ—
and that dS = (i + j + k)dxdy

k)

Answers
1. Both sides are 156,
2. Both sides equal (a) 4w, (b) 2,

D 5
3. (a) 2 [only contribution is from the sloping face] (b) Y [by volume integral of (1 + z)].
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3. Green’s Identities (3D)

Like Gauss' theorem, Green's identities relate surface integrals to volume integrals. However, Green's
identities are concerned with two scalar fields u(x,y, z) and w(zx,y, z). Two statements of Green's
identities are as follows

//Swyw)-@:///V{zu.zwmz?w}dv (]
and

//S {uVw —vVu} - dS = // s {uV?w — wVu} dV [2]

Proof of Green'’s identities
Green's identities can be derived from Gauss’ theorem and a vector derivative identity.

Vector identity (1) from subsection 6 of 28.2 states that V - (pA) = (Vo) - A+ ¢(V - A).
Letting ¢ = u and A = Vw in this identity,
V- (uVw) = (Vu) - (Yw) +u(V - (Vw)) = (Vu) - (Vo) + uV w

Gauss’ theorem states

[ a5 [ 5 5

Now, letting F' = uVw,

//S(uzwﬁ - ///Vz-me)dV

- ///V {(Vw) - (Vw) + uV w}dV

This is Green's identity [1].
Reversing the roles of u and w,

Jfws-as= [[ [ {@w)- @0+ uxtepav

Subtracting the last two equations yields Green's identity [2].

Q Key Point 10

Green'’s ldentities

[1] /L(uzw)-ﬁz// V{zu-zw+u22w}dv
2] / /S (uvw —ovup-ds = [ [ [ uwto - gl av
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Example 38
Verify Green's first identity for v = (z — 2%)y, w = 2y + z* and the unit cube,
0<2x<1,0<y<1,0<2<1.

Solution

As w = zy + 2%, Yw = yi + xj + 2zk. Thus uVw = (zy — 2%y) (yi + xj + 2zk) and the surface
integral is of this quantity (scalar product with dS) integrated over the surface of the unit cube.

On the three faces x = 0, x = 1, y = 0, the vector uVw = 0 and so the contribution to the surface
integral is zero.

On the face y = 1, uVw = (x —2*)(i+xj +2zk) and dS = dzdzj so (uNVw)-dS = (z° —2°)dxdz
and the contribution to the integral is

41 1
z? — 2° dzdx—/(x —x dx—{———} —.
/aco/zO ) 3 0 12

On the face z = 0, uNw = (z — 2})y(yi + rj) and dS = —dwxdzk so (uNVw) - dS = 0 and the
contribution to the integral is zero.

On the face z = 1, uNVw = (z—2?)y(yi+zj+2k) and dS = dzdyk so (uNw)-dS = 2y(z—x*)dxdy
and the contribution to the integral is

1 gl 1 1 1 1
/ / 2y(x — 2*)dydr = / {yQ(x - xQ)] dr = / (x — 2?)dr = =.
=0 Jy=0 z=0 y=0 0 6

1 1 1
Th V) - dS = = R
us,//s(u w) - dS = 0+O+0+12+0+6 1

Now evaluate // {Zu -Yw + uZQw} dv.
v

Note that Vu = (1 — 2z)yi + (z — 2?)j and V?w = 2 so

Yu-Vw+uV?w = (1—-22)y* + (2 — 2H)x + 2(x — 2°)y = 2% — 2° + 22y — 227y + y* — 229

and the integral

1 1 gl
/// {Vu-Vw+ uz2w} v = / / / (2? — 2° 4 22y — 22%y + y* — 22y?)dadydz
14 2=0 Jy=0 J =0

x 2
= / / [———+xy Zady 4+ xy? —xy} dydz
z2=0 yO 3 3 =0

Hence // (uVw)-dS = /// Vu Yuw + uVw ] dV = - and Green's first identity is verified.
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Green’s theorem in the plane
This states that

firss o - [[ (222

S is a 2-D surface with perimeter C; P(x,y) and Q(z,y) are scalar functions.

This should not be confused with Green’s identities.

Justification of Green’s theorem in the plane
Green's theorem in the plane can be derived from Stokes' theorem.

//g(zw)-ﬁ:]{oﬂ@

Now let I be the vector field P(x,y)i +Q(x,y)j i.e. there is no dependence on z and there are no
components in the z— direction. Now
4 J k

B 0 0 o | [(0Q 0P
YxE=l % & @ —(ax ay)@
P(z,y) Qz,y) 0
and dS = dzdyk giving (V x F)-dS = 8—Q—8—P dxdy.
dr Oy

Thus Stokes' theorem becomes

JLGE -y fir

and Green's theorem in the plane follows.

Q Key Point 11

Green’s Theorem in the Plane

]é(de + Qdy) = //S (% — (Z—];) dxdy

This relates a line integral around a closed path C' with a double integral over the region .S enclosed
by C. It is effectively a two-dimensional form of Stokes' theorem.
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Example 39

Evaluate the line integral j{ [(42® + y — 3)dz + (32® + 4y® — 2)dy] around the
c

rectangle 0 <2 <3, 0<y < 1.

Solution

The integral could be obtained by evaluating four line integrals but it is easier to note that
(42 +y — 3)dx + (32% + 4y* — 2)dy] is of the form Pdx + Qdy with P = 42® + y — 3 and
Q = 322 + 4y% — 2. It is thus of a suitable form for Green's theorem in the plane.

P
Note that g—g = 6z and g—y = 1.

Green'’s theorem in the plane becomes

Y

1
= / 3x2—x] dy—/ 24 dy = 24
y=0 =0 y=0

1 3
7{{(4:B2 +y —3)dr + (32° + 4y* — 2)dy} = / / (6x — 1) dzdy
C =0 Jz=0
1 3

76
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Example 40

Verify Green's theorem in the plane for the integral

the triangular contour starting at the origin O =
(0,0,1) before returni

and B =

[42dy + (y* — 2)dz] and
(0,2,0)

So—

(0,0,0

~—

and goingto A =
ng to the origin.

Solution

j{(Pdedz //(

(a) Firstly evaluate j{

[

Summing, %(4zdy+(y —2)dz)

(b) Secondly evaluate //(

In this example, P = 4z and Q = 3% —

NG

oQ 0P

y{(deJerz //(

9Q 9P

The whole of the contour is in the plane x = 0 and Green's theorem in the plane becomes

9Q 9P

> dydz

{42dy + (y* — 2)dz}.

c
On OA, z =0 and dz = 0. As the integrand is zero, the integral will also be zero.
On AB, z = (1—1Y) and dz = —3dy. The integral is

2 ((4 —2y)dy — %(?f - 2)dy) —~ /20(

0
On BO, y =0 and dy = 0. The integral is / (—2)dz = [ - 22}
1

1 .1°
2—_
Y 69

14
3

2

1
5 =2y — 5y°)dy =

Fy _

0
=2
1

|

) dydz

2. Thus 0Q

P
a——4and 8y

5 = 2y. Hence,

1—-y/2
)dydz = / / (2y — 4) dzdy
y=0Jz

1-y/2 2
= / {2yz—4z1 dy—/ (—y2+4y—4) dy
y=0 2=0 y=0
1, 2
— i M2 — 4 - _2
{ SV 2y y]o 3
Hence:
oQ 0P

8 :
) dydz = —3 and Green's theorem in the plane is verified.
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One very useful, special case of Green's theorem in the plane is when () = x and P = —y. The
theorem becomes

ji{—ydx—i—xdy}—//S(l—(—l))dxdy

The right-hand side becomes // 2 dxdy i.e. 2A where A is the area inside the contour C'. Hence
S

Azlj{{xdy—yda:}
2 Je

This result is known as the area theorem. It gives us the area bounded by a curve C' in terms of a
line integral around C',

Example 41
Verify the area theorem for the segment of the circle 22 4 y? = 4 lying above the
line y = 1.

Solution

Firstly, the area of the segment AD BC' can be found by subtracting the area of the triangle OADB
from the area of the sector OAC B. The triangle has area % x 24/3 x 1 = /3. The sector has area

X 22 = %71’. Thus segment ADBC' has area %7‘(‘ — /3.

Now, evaluate the integral j{{xdy — ydx} around the segment.
c
V3

Along the line, y = 1, dy = 0 so the integral /{xdy — ydz} becomes / (xx0—1xdzx)=
c -3

V3
/ (—dz) = —2V/3.
-V3

Along the arc of the circle, y = V4 — 22 = (4 — 2?)Y/2 so dy = —x(4 — 2%)7'/2dz. The integral

/{wdy — ydzx} becomes
c

_\/§ 2 2 1/2 2 1/2 \/g 4
—z°(4 — z°)” — (4 — ¢ dl’ _ I
[ e = [
w/3 1
= /_W/S 42(:0582 cosf df (letting x = 2sin 0)

So, %%{xdy—ydw}zl{gﬂ—Qﬁ] :éﬂ—\/g.
g 2|3 3

Hence both sides of the area theorem equal %7‘(’ — /3 thus verifying the theorem.
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Verify Green’s theorem in the plane when applied to the integral

]{ {5z +2y — T)dz + (3z — 4y + 5)dy}

where C' represents the perimeter of the trapezium with vertices at (0,0), (3,0),
(6,1) and (1,1).

P
First let P =5x + 2y — 7 and () = 3z — 4y + 5 and find a—Q—a—:
or Oy

Your solution

Answer

1
Now find // 8_@ — 8_P dzxdy over the trapezium:
Jor Oy

Your solution

Answer

4 (by elementary geometry)

Now find /(Pdm + Qdy) along the four sides of the trapezium, beginning with the line from (0, 0)

to (3,0), and then proceeding anti-clockwise.

Your solution

Answers 1.5, 66, —62.5, —1 whose sum is 4.
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Finally show that the two sides of the statement of Green’s theorem are equal:

Your solution

Answer
Both sides are 4.

Exercises

1. Verify Green's identity [1] (page 73) for the functions u = zyz, w = y* and the unit cube

0<z<1,0<y<1,0<L2<1.

2. Verify the area theorem for

(a) The area above y = 0, but below y = 1 — z2.

(b) The segment of the circle 2? + y? = 1, to the upper left of the line y = 1 — z.

Answers

1
1. Both integrals in [1] equal 5

4
2. (a) both sides give a value of 3

(b)

1
both sides give a value of % — 3
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Area theorem

78

Conservative vector field
Current continuity equation

Current in line

13-19

47
69

Current in loop

29

Cylinder

70

Cylindrical polar coordinates 46, 59

Divergence theorem - See Gauss

Electric current

47

Electric field
Electric motor

21, 65, 69, 70

29

Field strength

Gauss' law

Gauss' theorem

Green'’s identities

Green's theorem

69, 70

65-67
63-72
73-74
75-80

Integral vector theorems
- Gauss'’
- Green's
- Stokes’
Integrating
- scalar field
- vector field

Lightning strike

63-72
73-80
56-62

37
42

47

Line integrals

- scalar products

- vector

26

Lorentz force

29

Index for Workbook 29

Magnetic field 29
Magnetic flux 44
Ohm'’s law 48
Pythagoras’ theorem 37
Scalar line integral 8
Scalar product 8
Stokes' theorem 56-62
Surface integrals 35-50
Unit normal 35-37
Volume integrals 50-55
Work 21
EXERCISES

18, 25, 33, 42, 50, 52, 54, 62, 72, 80

ENGINEERING EXAMPLES
1 Work done moving a charge in an

electric field 21
2 Force on a loop due to a magnetic

field 29
4 Magnetic flux 44
5 The current continuity equation _ 47
6 Gauss' law 65
7 Field strength around a charged

line 69

8 Field strength on a cylinder 70
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