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Learning outcomes

In this Workbook you will learn what a vector is and how to combine vectors together using
the triangle law. You will be able to represent a vector by its Cartesian components. You
will be able to multiply vectors together using either the scalar product or the vector
product. You will be able to apply your knowledge of vectors to solve problems involving
forces and to geometric problems involving lines and planes.




Basic Concepts
of Vectors 9.1

m Introduction

In engineering, frequent reference is made to physical quantities, such as force, speed and time. For
example, we talk of the speed of a car, and the force in a compressed spring. It is useful to separate
these physical quantities into two types. Quantities of the first type are known as scalars. These
can be fully described by a single number known as the magnitude. Quantities of the second type
are those which require the specification of a direction, in addition to a magnitude, before they
are completely described. These are known as vectors. Special methods have been developed for
handling vectors in calculations, giving rise to subjects such as vector algebra, vector geometry and
vector calculus. Quantities that are vectors must be manipulated according to certain rules, which
are described in this and subsequent Sections.

~

q Prerequlsltes e be familiar with all the basic rules of algebra
Before starting this Section you should . .. )
/ e categorize a number of common physical \

quantities as scalar or vector

e represent vectors by directed line segments

Q Learning Outcomes | _ _
e combine, or add, vectors using the triangle

On completion you should be able to ... law

e resolve a vector into two perpendicular

k components /
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1. Introduction

It is useful to separate physical quantities into two types: the first are called scalars; the second are
known as vectors. A scalar is a quantity that can be described by a single number which can be
positive, negative or zero. An example of a scalar quantity is the mass of an object, so we might
state that ‘the mass of the stone is 3 kg'. It is important to give the units in which the quantity
is measured. Obvious examples of scalars are temperature and length, but there are many other
engineering applications in which scalars play an important role. For example, speed, work, voltage
and energy are all scalars.

On the other hand, vectors are quantities which require the specification of a magnitude and a
direction. An example of a vector quantity is the force applied to an object to make it move. When
the object shown in Figure 1 is moved by applying a force to it we achieve different effects depending
on the direction of the force.

—_—

Figure 1: A force is a vector quantity

In order to specify the force completely we must state not only its magnitude (its ‘strength’) but
also the direction in which the force acts. For example we might state that ‘a force of 5 newtons
is applied vertically from above'. Clearly this force would have a different effect from one applied
horizontally. The direction in which the force acts is crucial.

There are many engineering applications where vectors are important. Force, acceleration, velocity,
electric and magnetic fields are all described by vectors. Furthermore, when computer software is
written to control the position of a robot, the position is described by vectors.

Sometimes confusion can arise because words used in general conversation have specific technical
meanings when used in engineering calculations. An example is the use of the words ‘speed’ and
‘velocity’. In everyday conversation these words have the same meaning and are used interchangeably.
However in more precise language they are not the same. Speed is a scalar quantity described by
giving a single number in appropriate units; for example ‘the speed of the car is 40 kilometres per
hour'. On the other hand velocity is a vector quantity and must be specified by giving a direction
as well. For example ‘the velocity of the aircraft is 20 metres per second due north'.

In engineering calculations, the words speed and velocity cannot be used interchangeably. Similar
problems arise from use of the words ‘mass’ and ‘weight’. Mass is a scalar which describes the
amount of substance in an object. The unit of mass is the kilogramme. Weight is a vector, the
direction of which is vertically downwards because weight arises from the action of gravity. The unit
of weight is the newton. Displacement and distance are related quantities which can also cause
confusion. Whereas distance is a scalar, displacement is ‘directed distance’, that is, distance together
with a specified direction. So, referring to Figure 2, if an object is moved from point A to point B,
we can state that the distance moved is 10 metres, but the displacement is 10 metres in the direction
from A to B.

You will meet many other quantities in the course of your studies and it will be helpful to know which
are vectors and which are scalars. Some common quantities and their type are listed in Table 1. The
S.l1. units in which these are measured are also shown.
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10 m

Figure 2: Displacement means directed distance

Table 1. Some common scalar and vector quantities

quantity type  S.I. unit

distance scalar metre, m

mass scalar  kilogramme, kg
temperature  scalar  kelvin, K

pressure scalar  pascal, Pa

work scalar joule, J

energy scalar  joule, J

displacement vector metre m

force vector newton, N

velocity vector metres per second, m s~!
acceleration  vector metres per second per second, m s~2

Exercise

State which of the following are scalars and which are vectors:

(a) the volume of a petrol tank,
)

c) a length measured in miles,
)

)
f) the work done by a force,
g) electrostatic potential,

(
(
(
(e
(
(

b) a length measured in metres,

d) the angular velocity of a flywheel,
the relative velocity of two aircraft,

(h) the momentum of an atomic particle.

Answer

(a), (b), (c) (f), (g) are scalars.
(d), (e), and (h) are vectors

HELM (2015):
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2. The mathematical description of vector quantities

Because a vector has a direction as well as a magnitude we can represent a vector by drawing a
line. The length of the line represents the magnitude of the vector given some appropriate scale,
and the direction of the line represents the direction of the vector. We call this representation a
directed line segment. For example, Figure 3 shows a vector which represents a velocity of 3 m

s~! north-west. Note that the arrow on the vector indicates the direction required.

1
scale: =1ms

—

Figure 3: A vector quantity can be represented by drawing a line

More generally, Figure 4 shows an arbitrary vector quantity.

B B G
or a or a
A A A

Figure 4: Representation of vectors

It is important when writing vectors to distinguish them from scalars. Various notations are used.
In Figure 4 we emphasise that we are dealing with the vector from A to B by using an arrow and

writing AB. Often, in textbooks, vectors are indicated by using a bold typeface such as a. It is
difficult when handwriting to reproduce the bold face and so it is conventional to underline vector
quantities and write g instead. So AB and a represent the same vector in Figure 4. We can also use
the notation AB. In general in this Workbook we will use underlining but we will also use the arrow
notation where it is particularly helpful.

Example 1

Figure 5 shows an object pulled by a force of 10N at an angle of 60° to the
horizontal.

10N

Figure 5

Show how this force can be represented by a vector.

HELM (2015): 5
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Solution

The force can be represented by drawing a line of length 10 units at an angle of 60° to the horizontal,
as shown below.

scale — =1 unit

Figure 6

We have labelled the force £. When several forces are involved they can be labelled £';, ', and so
on.

When we wish to refer simply to the magnitude (or length) of a vector we write this using the
modulus sign as |AB]|, or |al|, or simply a (without the underline.)

In general two vectors are said to be equal vectors if they have the same magnitude and same
direction. So, in Figure 7 the vectors C@ and AB are equal even though their locations differ.

B

Figure 7: Equal vectors

This is a useful and important property of vectors: a vector is defined only by its direction and
magnitude, not by its location in space. These vectors are often called free vectors.

The vector —a is a vector in the opposite direction to a, but has the same magnitude as a, as shown
in Figure 8.

B

Geometrically, if a = 1@ then —a = BA.
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Exercises

1. An object is subject to two forces, one of 3 N vertically downwards, and one of 8 N, horizontally
to the right. Draw a diagram representing these two forces as vectors.

2. Draw a diagram showing an arbitrary vector F'. On the diagram show the vector —F.
3. Vectors p and g are equal vectors. Draw a diagram to represent p and g.

4. If F is a vector, what is meant by F'?

Answers

1 2. 3

o \ 8N F

! I —> > £

1

| 1

SR B <

—F
3N q

4. F' is the magnitude of F'.

3. Addition of vectors

Vectors are added in a particular way known as the triangle law. To see why this law is appropriate
to add them this way consider the following example:

Example: The route taken by an automated vehicle

An unmanned vehicle moves on tracks around a factory floor carrying components from the store at
A to workers at C' as shown in Figure 9.

C

workers

store

>
B
AB

Figure 9
The vehicle may arrive at C' either directly or via an intermediate point B. The movement from A

to B can be represented by a displacement vector AB. Similarly, movement from B to C' can be

HELM (2015): 7
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represented by the displacement vector B? and movement from A to C' can be represented by R
Since travelling from A to B and then B to C' is equivalent to travelling directly from A to C' we
write

AB + BC = AC

This is an example of the triangle law for adding vectors. We add vectors /@ and B? by placing
the tail of B? at the head of AB and completing the third side of the triangle so formed (AC).

\b\

I

Figure 10: Two vectors a and b

Consider the more general situation in Figure 10. Suppose we wish to add b to a. To do this b is
translated, keeping its direction and length unchanged, until its tail coincides with the head of a.
Then the sum a + b is defined by the vector represented by the third side of the completed triangle,
that is ¢ in Figure 11. Note, from Figure 11, that we can write ¢ = a + b since going along a and
then along b is equivalent to going along c.

Using vectors a and b shown below, draw a diagram to find a +b. Find also b + a.
Is a + b the same as b+ a?

Your solution

8 HELM (2015):
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Answer

yesa+b=>b+a

It is possible, using the triangle law, to prove the following rules which apply to any three vectors a,
b and c:

Key Point 1

Vector Addition

b=b+a vector addition is commutative

b+c)=(a+b)+c vector addition is associative

Example: Resultant of two forces acting upon a body

A force F'; of 2 N acts vertically downwards, and a force F', of 3 N acts horizontally to the right,
upon the body shown in Figure 12.

Fy=3N
A >
\\/e
\\\B
E1:2N \\\
Yo _____ A
B C
Figure 12

We can use vector addition to find the combined effect or resultant of the two concurrent forces.
(Concurrent means that the forces act through the same point.) Translating F, until its tail touches

HELM (2015): 9
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the head of F';, we complete the triangle ABC as shown. The vector represented by the third side is
the resultant, B. We write

R=F+F

and say that R is the vector sum of I, and F. The resultant force acts at an angle of 6 below the
horizontal where tan = 2/3, so that § = 33.7°, and has magnitude (given by Pythagoras’ theorem)

V13N.

Example: Resolving a force into two perpendicular directions

In the previous Example we saw that two forces acting upon a body can be replaced by a single force
which has the same effect. It is sometimes useful to reverse this process and consider a single force
as equivalent to two forces acting at right-angles to each other.

Consider the force F inclined at an angle 6 to the horizontal as shown in Figure 13.

<
y

Figure 13

F can be replaced by two forces, one of magnitude F'cos 6 and one of magnitude F'sinf as shown.
We say that F' has been resolved into two perpendicular components. This is sensible because
if we re-combine the two perpendicular forces of magnitudes F cosf and F'sinf using the triangle
law we find F' to be the resultant force.

For example, Figure 14 shows a force of 5 N acting at an angle of 30° to the x axis. It can be resolved
into two components, one directed along the z axis with magnitude 5 cos 30° and one perpendicular
to this of magnitude 5sin 30°. Together, these two components have the same effect as the original
force.

5sin30° N

5cos30° N

> X

Figure 14

10 HELM (2015):
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Resolve this force into two perpendicular components, one horizontally to the right,
and one vertically upwards.

Your solution

Answer
Horizontal component is 15cos40° N = 11.50 N; vertical component is 15sin40° N = 9.64 N

The need to resolve a vector along a given direction occurs in other areas. For example, as a police
car or ambulance with siren operating passes by the pitch of the siren appears to increase as the
vehicle approaches and decrease as it goes away. This change in pitch is known as the Doppler
effect This effect occurs in any situation where waves are reflected from a moving object.

A radar gun produces a signal which is bounced off the target moving vehicle so that when it returns to
the gun, which also acts as a receiver, it has changed pitch. The speed of the vehicle can be calculated
from the change in pitch. The speed indicated on the radar gun is the speed directly towards or away
from the gun. However it is not usual to place oneself directly in front of moving vehicle when using the
radar gun (Figure 15(a).) Consequently the gun is used at an angle to the line of traffic (Figure 15(b).)

radar v
- =
(a)
- U

6 (b)

Figure 15
This means that it registers only the component of the velocity towards the gun. Suppose that the
true speed along the road is v. Then the component measured by the gun (v cos ) is less than v.

HELM (2015): 11
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Example 2

A safety inspector wishes to check the speed of a train along a straight piece of
track. She stands 10 m to the side of the track and uses a very accurate radar
speed gun. If the reading on the gun is to be within 5% of the true speed of the
train, how far away from the approaching train should the reading be taken?

Solution

1

1

1

g 1 .-

. .-
(acyéﬁ ' ’_,—"’ d
22 g

Figure 16

The train has a velocity component towards the gun of |v| cos@. If & = 0 then the train’s speed
towards the gun will be |v|. If = 90° the train's speed towards the gun will be 0. In general, the
trains speed towards the gun will be less than the actual speed unless & = 0. The larger 0, the
greater the deficit.

For an error of 5%, the gun should read 0.95|v|. So
lv|cos@ = 0.95|v] or cosf =0.95

If the distance to the side of the track at which the gun is used is s m and the distance between
the radar gun and the train is d m, then

S
oS
sin y
Here s = 10 and cos8 = 0.95 so
1
V1 —cos?f = FO
and

d= 0 = 32.03

V1 —1(0.95)2
This means that the reading should be taken when the train is over 32 m from the radar gun to
ensure an error of less than 5%.
Note: An alternative approach is to note that cosf = 0.95 implies § = 0.31756 radians (18.1949°)

and substitute for § and s in sinf = 2

12
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The force vectors on an aeroplane in steady flight

The forces acting on an aeroplane are shown in Figure 17.

T

o

path ~-- (L R R > A
| —
horizon \D/

Figure 17
The magnitude (strength) of the forces are indicated by
T': the thrust provided by the engines,
W the weight,
D: the drag (acting against the direction of flight path) and
L: the lift (taken perpendicular to the path.)

In a more realistic situation force vectors in three dimensions would need to be considered. These
are introduced later in this Workbook.

As the plane is in steady flight the sum of the forces in any direction is zero. (If this were not
the case, then, by Newton's second law, the non-zero resultant force would cause the aeroplane to
accelerate.)

So, resolving forces in the direction of the path:
Tcosa—D —Wsinf =0

Then, resolving forces perpendicular to the path:
Tsina+ L —Wcosf =0

If the plane has mass 72 000 tonnes, the drag is 130 kN, the lift is 690 kN and 5 = 6° find the
magnitude of the thrust and the value of « to maintain steady flight. From these two equations we
see:

Tcosa = D + Wsin 8 = 130000 + (72000)(9.81) sin 6° = 203830.54
and
Tsina =W cosf — L = (72000)(9.81) cos 6° — 690000 = 12450.71

hence
T sin « 12450.71
p— p— pr— . 1 4 % pr— . 0
tana Tcosae  203830.54 0-06108 @ =350

and consequently, for the thrust:

T = 204210 N.

HELM (2015): 13
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4. Subtraction of vectors

Subtraction of one vector from another is performed by adding the corresponding negative vector.
That is, if we seek a — b we form a + (—b). This is shown geometrically in Figure 18. Note that in

the right-hand diagram the arrow on b has been reversed to give —b

I

IS

Figure 18: Subtraction of a vector is performed by adding a negative vector

Exercises

. Vectors p and ¢ represent two perpendicular sides of a square. Find vector expressions which

represent the diagonals of the square.

. In the rectangle ABCD, side AB is represented by the vector p and side BC' is represented

by the vector ¢. State the physical significance of the vectors p — ¢ and p +¢.

. An object is positioned at the origin of a set of axes. Two forces act upon it. The first has

magnitude 9 N and acts in the direction of the positive y axis. The second has magnitude 4 N
and acts in the direction of the negative = axis. Calculate the magnitude and direction of the
resultant force.

. An object moves in the xy plane with a velocity of 15 m s=! in a direction 48° above the

positive x axis. Resolve this velocity into two components, one along the x axis and one along
the y axis.

1
2

&~ W

Answers

. P+ 4q, ¢ — p. Acceptable answers are also —(p +¢), p—q.
. p+ qis the diagonal AC, p — g is the diagonal DB.

. Magnitude /97, at an angle 66° above the negative z axis.

. 10.04 m s ! along the z axis, and 11.15 m s~ ! along the y axis.

14
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5. Multiplying a vector by a scalar

If k& is any positive scalar and a is a vector then ka is a vector in the same direction as a but k times
as long. If k is negative, ka is a vector in the opposite direction to a and k times as long. See Figure
19. The vector ka is said to be a scalar multiple of a.

if k is positive if k is negative
Figure 19: Multiplying a vector by a scalar

The vector 3a is three times as long as a and has the same direction. The vector %f is in the same
direction as r but is half as long. The vector —4b is in the opposite direction to b and four times as
long.

For any scalars k and [, and any vectors @ and b, the following rules hold:

% Key Point 2

k(a+b) = ka + kb

(k+Da=ka+la
K)o = (K)a

Using the rules given in Key Point 2, simplify the following:
(@) 3a+7a  (b) 2(7)  (c)4gq+4r

Your solution

Answer
(a) Using the second rule, 3a + 7a can be simplified to (3 + 7)a = 10a.

(b) Using the third rule 2(7b) = (2 x 7)b = 14b.

(c) Using the first rule 4 + 4r = 4(q + ).

HELM (2015): 15
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Unit vectors

A vector which has a magnitude of 1 is called a unit vector. If a has magnitude 3, then a unit
vector in the direction of a is $a, as shown in Figure 20.

>

a

+

a

Lol—

Figure 20: A unit vector has length one unit

A unit vector in the direction of a given vector is found by dividing the given vector by its magnitude:
A unit vector in the direction of a is given the ‘hat’ symbol a.

Q Key Point 3

A unit vector can be found by dividing a vector by its modulus.

Exercises

1. Draw an arbitrary vector r. On your diagram draw 2r, 4r, —r, —3r and =r.

2. In triangle OAB the point P divides AB internally in the ratio m : n. If m = a and O? =0
depict this on a diagram and then find an expression for ﬁ in terms of a and b.

Answers

1.

y/ ) —3r _— L
/ /{V /iL
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Cartesian Components

of Vectors

m Introduction

It is useful to be able to describe vectors with reference to specific coordinate systems, such as the
Cartesian coordinate system. So, in this Section, we show how this is possible by defining unit vectors
in the directions of the x and y axes. Any other vector in the zy plane can then be represented as a
combination of these basis vectors. The idea is then extended to three dimensional vectors. This
is useful because most engineering problems involve 3D situations.

f
t‘b Prerequisites

\

Before starting this Section you should ...

be able to distinguish between a vector and a\
scalar

be able torepresent a vector as a directed line
segment

understand the Cartesian coordinate system /

b

Q Learning Outcomes

On completion you should be able to ...

\_

explain the meaning of the unit vectors \
i, jand k

express two dimensional and three

dimensional vectors in Cartesian form

find the modulus of a vector expressed in
Cartesian form

find a ‘position vector’ /
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1. Two-dimensional coordinate frames

Figure 21 shows a two-dimensional coordinate frame. Any point P in the xy plane can be defined in
terms of its  and y coordinates.

< X P(xy)

>e
A
y

Y

Figure 21

A unit vector pointing in the positive direction of the z-axis is denoted by i. (Note that it is common
practice to write this particular unit vector without the hat ".) It follows that any vector in the
direction of the x-axis will be a multiple of i. Figure 22 shows vectors i, 2¢, 5 and —3i. In general
a vector of length ¢ in the direction of the x-axis can be written /i.

YA
— 3
_————
7
21
_— 5i

> x

Figure 22: All these vectors are multiples of ¢

Similarly, a unit vector pointing in the positive y-axis is denoted by j. So any vector in the direction
of the y-axis will be a multiple of j. Figure 23 shows j, 4j and —2j. In general a vector of length /
in the direction of the y-axis can be written (;.

YA

b 1Y

X

-
>

Figure 23: All these vectors are multiples of j
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i represents a unit vector in the direction of the positive z-axis
J represents a unit vector in the direction of the positive y-axis

Example 3

Draw the vectors 5 and 4. Use your diagram and the triangle law of addition
to add these two vectors together. First draw the vectors 5i and 4j. Then, by
translating the vectors so that they lie head to tail, find the vector sum 5i + 4j.

Solution
YA YA
, itdj -7
45 A I A4
B J
50 50
> X > X

Figure 24

We now generalise the situation in Example 3. Consider Figure 25.
It shows a vector rr = 1@ We can regard r as being the resultant of the two vectors /@ = ai, and

CB = bj. From the triangle law of vector addition
AB=AC +CB
= ai + bj

We conclude that any vector in the zy plane can be expressed in the form r = ai+bj. The numbers
a and b are called the components of r in the = and y directions. Sometimes, for emphasis, we will
use a, and a, instead of a and b to denote the components in the - and y-directions respectively.
In that case we would write r = a,i + a, .

HELM (2015): 19
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-
>

X

Figure 25: AB = AC + CB by the triangle law

Column vector notation

An alternative, useful, and often briefer notation is to write the vector r = ai+bj in column vector
notation as

()

Draw an xy plane and show the vectors p = 2¢ + 37, and ¢ = 57 + j.
Express p and ¢ using column vector notation. - - -
By translating one of the vectors apply the triangle law to show the sum p+g¢.
Express the resultant p + ¢ in terms of z and . -

(a)
(b)
()
(d)

(a) Draw the zy plane and the required vectors. (They can be drawn from any point in the plane):

Your solution

(b) The column vector form of p is (3). Write down the column vector form of ¢:

Your solution

20 HELM (2015):
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(c) Translate one of the vectors in part (a) so that they lie head to tail, completing the third side of
the triangle to give the resultant p + ¢:

Your solution

Answer
Note that the vectors have not been drawn to scale.

y M

(d) By studying your diagram note that the resultant has two components 73, horizontally, and 4;
vertically. Hence write down an expression for p + ¢:

Your solution

Answer
T+ 41

It is very important to note from the last task that vectors in Cartesian form can be added by simply
adding their respective ¢ and j components.
Thus, if a = a1+ ayj and b= b1+ b,j then

a+b=(a, +b)i+ (ay+0by)j
A similar, and obvious, rule applies when subtracting:

a—"b=(a, —b.)i+ (ay, _by)l-

HELM (2015): 21
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Your solution

Answer
(a) Simply add the respective components: 177 + 107,

(b) Simply subtract the respective components: i + 4;

Now consider the special case when r represents the vector from the origin O to the point P(a,b).
This vector is known as the position vector of P and is shown in Figure 26.

Q Key Point 5
YA
J
----------------- . P (a,b)
, 5 i
z Vb
: > X
0 a
Figure 26
The position vector of P with coordinates (a,b) is r = OP = ai + bj

Unlike most vectors, position vectors cannot be freely translated. Because they indicate the position
of a point they are fixed vectors in the sense that the tail of a position vector is always located at
the origin.
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Example 4

State the position vectors of the points with coordinates

(a) P(2,4), (b) Q(=1,5), () R(=1,=7), (d) S(8,—4).

Solution

(@) 2i+45. (b) —i+5j. (c) —i—7j. (d)8i—4j.

Example 5
Sketch the position vectors r; = 3i + 4j, rog = =21 +5j, r3 = —3i — 2.
Solution
The vectors are shown below. Note that all position vectors start at the origin.
Y)
(_27 5) ]
| (3,4)
T T T T T — > T
;" J
<_37 _2) i
Figure 27

The modulus of any vector r is equal to its length. As we have noted earlier, the modulus of r is
usually denoted by |r|. When r = ai + bj the modulus can be obtained using Pythagoras’ theorem.
If r is the position vector of point P then the modulus is, clearly, the distance of P from the origin.

Q Key Point 6
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Example 6

Find the modulus of each of the vectors shown in Example 5.

Solution
(a) Iy = [3i +4j| = VB + 42 =V25=5.  (b) |ry| = /(-2)2 + 52 = VA + 25 = /29,
() 5] = /(=32 + (=22 =9+ 4 = V13

Point A has coordinates (3,5). Point B has coordinates (7, 8).

—
(a) Draw a diagram which shows points A and B and draw the vectors OA and O?:

Your solution

Answer

B(7,8)
YA
| (3,5)
A
0 T T T T T > T
(b) State the position vectors of A and B:
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Your solution

(c) Referring ti>your figure and using the triangle law you can write OA + E
AB = OB — OA. Hence write down an expression for ﬁ in terms of the unit vectors i and j:

@ so that

Your solution

Answer
AD = (Ti+ 85) — (3i + 5j) = 4i +3j

(d) Calculate the length of AB = |41 4 3j|:

Your solution

Answer

AB| = VE T3 =v25=5
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Exercises

1. Explain the distinction between a position vector, and a more general free vector.
2. What is meant by the symbols i and j 7
3. State the position vectors of the points with coordinates
(@) P(4,7) , (b) Q(=3,5), (c) R(0,3), (d) S(~1,0)
4. State the coordinates of the point P if its position vector is:
(a) 3i — 74, (b) =44, (c) —0.5:+ 135, (d) ai+bj
5. Find the modulus of each of the following vectors:

() r=7i+3j, (b)r=17, (c)r=2i-3j, (d)r=-3j
() r=ai+bj, (f)r=ai—0bj

6. Point P has coordinates (7,8). Point ) has coordinates (—2,4).

(a) Draw a sketch showing vectors O? Oﬁ
b) State the position vectors of P and @),

(b)
(c) Find an expression for Fﬁ
(d)

d) Find | PQ)|.

Answers

1. Free vectors may be translated provided their direction and length remain unchanged. Position
vectors must always start at the origin.

2. i is a unit vector in the direction of the positive z-axis. j is a unit vector in the direction of
the positive y-axis.

() 4i+7j, (b) —3i+5) ()3 (d) i
(@) 3,=7), (b) (=4,0), (c) (=0.5,13), (d) (a,b)
5. (a) V58, (b) 17, (c) V13, (d)3, (e) Va2 +2 (f) Va2 + 02

(b) OP =Ti+8jand OQ = —2i+4j, (c) PQ=—9 —4j, (d)|PQ|=T.
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2. Three-dimensional coordinate frames

The real world is three-dimensional and in order to solve many engineering problems it is necessary to
develop expertise in the mathematics of three-dimensional space. An important application of vectors
is their use to locate points in three dimensions. When two distinct points are known we can draw
a unique straight line between them. Three distinct points which do not lie on the same line form a
unique plane. Vectors can be used to describe points, lines, and planes in three dimensions. These
mathematical foundations underpin much of the technology associated with computer graphics and
the control of robots. In this Section we shall introduce the vector methods which underlie these
applications.

A< A< Az

o

Y
<

(a)

Figure 28

Figure 28(a) shows a three-dimensional coordinate frame. Note that the third dimension requires
the addition of a third axis, the z-axis. Although these three axes are drawn in the plane of the
paper you should remember that we are now thinking of three-dimensional situations. Just as in
two-dimensions the x and y axes are perpendicular, in three dimensions the x,y and z axes are all
perpendicular to each other. We say they are mutually perpendicular. There is no reason why we
could not have chosen the z-axis in the opposite direction. However, it is conventional to choose the
directions shown in Figure 28(a).

Any point in the three dimensional space can be defined in terms of its x, y and z coordinates.
Consider the point P with coordinates (a, b, ¢) as shown in Figure 28(b). The vector from the origin

to the point P is known as the position vector of P, denoted O? or r. To arrive at P from O we can
think of moving a units in the z direction, b units in the y direction and c¢ units in the z direction.
A unit vector pointing in the positive direction of the z-axis is denoted by k. See the Figure 28(c).

Noting that OC) = az + bj and that Q? = ck we can state
r = (ﬁ = @ + Q?
=ai+bj+ck

We conclude that the position vector of the point with coordinates (a,b,c) is © = ai + bj + ck.
(We might, for convenience, sometimes use a subscript notation. For example we might refer to the
position vector r as r = r,i + ryj + .k in which (r,,7,,7.) have taken the place of (a,b,c).)
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Q Key Point 7

If P has coordinates (a, b, c) then its position vector is

[zO?:az—i-b‘l#—cE

State the position vector of the point with coordinates (9, —8,6).

Your solution

Answer
9y — 81 + 6k

The modulus of the vector O? is equal to the distance OP, which can be obtained by Pythagoras’
theorem:

If r = ai +bj + ck then

Find the modulus of the vector r = 4i + 2j + 3k.

Your solution

Answer
Ir| = V42 +224+ 32 =16 +4+9 = /29
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Example 7

Points A, B and C' have coordinates (—1,1,4), (8,0,2) and (5, —2,11) respec-
tively.

(a) Find the position vectors of A, B and C.

(b) Find AB and BC

¢) Find [AB]| and |BC|.

Solution

(a) Denoting the position vectors of A, B and C' by a, b and ¢ respectively, we find
a=—i+j+4k, b=8i+2k c=5i—2j+11k

(b) AB=b—a=9i—j—2k BC=c—b=—3i—2j+9%

F(=27 = V6. [BC| = /(=377 + (27 + 97 = Vo1,

Exercises

1. State the position vector of the point with coordinates (4, —4, 3).

2. Find the modulus of each of the following vectors.
(a) 7i+2j + 3k, (b) 7i — 25 + 3k, (c) 2j + 8k, (d) —i —2j + 3k, (e) ai + bj + ck

3. Points P, ) and R have coordinates (9,1,0), (8, —3,5), and (5,5,7) respectively.
(a) Find the position vectors p, ¢, r of P, Q and R,

b) Find PQ and QF
¢) Find |PO)| and |QR)|.

Answers
L 4—45+3k
2. (a) V62, (b) V62, (c) V63, (d) V14, (e) Va®+ 0+
3.(a)p=9i+j, ¢q=8 —3j+5k 1r=>5i+5]+T7k.

b) PG = —i — 45 + 5k, QL = —3i +8j + 2k

o) |PQ| = Vi3, |QR| =77
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The Scalar Product

q Introduction

9.3

There are two kinds of multiplication involving vectors. The first is known as the scalar product
or dot product. This is so-called because when the scalar product of two vectors is calculated the
result is a scalar. The second product is known as the vector product. When this is calculated the
result is a vector. The definitions of these products may seem rather strange at first, but they are
widely used in applications. In this Section we consider only the scalar product.

q Prerequisites

Before starting this Section you should . ..

know that a vector can be represented as a
directed line segment

know how to express a vector in Cartesian
form

know how to find the modulus of a vector

~

>

m Learning Outcomes

On completion you should be able to ...

\_

calculate, from its definition, the scalar
product of two given vectors

calculate the scalar product of two vectors
given in Cartesian form

use the scalar product to find the angle
between two vectors

use the scalar product to test whether two
vectors are perpendicular

/
<

/

30

HELM (2015):
Workbook 9: Vectors



1. Definition of the scalar product

Consider the two vectors a and b shown in Figure 29.

b

9

a

Figure 29: Two vectors subtend an angle ¢

Note that the tails of the two vectors coincide and that the angle between the vectors is labelled 6.
Their scalar product, denoted by a - b, is defined as the product |a| |b| cosf. It is very important to
use the dot in the formula. The dot is the specific symbol for the scalar product, and is the reason
why the scalar product is also known as the dot product. You should not use a X sign in this
context because this sign is reserved for the vector product which is quite different.

The angle 6 is always chosen to lie between 0 and 7, and the tails of the two vectors must coincide.
Figure 30 shows two incorrect ways of measuring 6.

X x

Figure 30: 0 should not be measured in these ways

Q Key Point 9

The scalar product of a and bis:  a-b=|a||b| cost

We can remember this formula as:

“The modulus of the first vector, multiplied by the modulus of the second vector,

multiplied by the cosine of the angle between them.”

Clearly b-a = |b| |a| cos @ and so

=

=b-a.

a/ .

Thus we can evaluate a scalar product in any order: the operation is commutative.
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Example 8
Vectors a and b are shown in the Figure 31. Vector a has modulus 6 and vector b
has modulus 7 and the angle between them is 60°. Calculate a.b.

60°

\@V

Figure 31

Solution
The angle between the two vectors is 60°. Hence
a-b=lal|b| cosf = (6)(7)cos60° = 21

The scalar product of a and b is 21. Note that a scalar product is always a scalar.

Example 9

Find 7 - ¢ where ¢ is the unit vector in the direction of the positive x axis.

Solution
Because i is a unit vector its modulus is 1. Also, the angle between ¢ and itself is zero. Therefore
1.0 =(1)(1)cos0° =1

So the scalar product of i with itself equals 1. It is easy to verify that j.j = 1 and k.k = 1.

Example 10

Find i - j where 7 and j are unit vectors in the directions of the x and y axes.

Solution

Because 7 and j are unit vectors they each have a modulus of 1. The angle between the two vectors
is 90°. Therefore

i-j=(1)(1)cos90° =0
Thatisi-j =0.
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The following results are easily verified:

A
)
<
o
o
S
-t
=
=)

ivi = joj=k-k=1
iy = j-1=0
ik = k-i=0
Jk o= k=0

Generally, whenever any two vectors are perpendicular to each other their scalar product is zero
because the angle between the vectors is 90° and cos 90° = 0.

Q Key Point 11

The scalar product of perpendicular vectors is zero.

2. A formula for finding the scalar product

We can use the results summarized in Key Point 10 to obtain a formula for finding a scalar product
when the vectors are given in Cartesian form. We consider vectors in the xy plane. Suppose
a=ajt+ayj and b= byi + byj. Then

a-b = (ai+agg)- (bii+ baj)
= agi- (b1i + baj) + azj - (b1 + b2j)
= abii-i+ arbyi- j+ asbij i+ asbyj-j

Using the results in Key Point 10 we can simplify this to give the following formula:
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Q Key Point 12

If a=ai+ayy and b=0bii+byj then

a-b=aib + asb;

Thus to find the scalar product of two vectors their i components are multiplied together, their j
components are multiplied together and the results are added.

Example 11
If @ =7i+8j and b= 5i — 27, find the scalar product a - b.

Solution
We use Key Point 12:
a-b=(Ti+8j)- (5~ 2j) = (T)(5) + ()(~2) = 35 — 16 = 19

The formula readily generalises to vectors in three dimensions as follows:

Q Key Point 13

If a=ayi+ay)+ak and b=0bii+ by + bsk then

a - l_) = a1b1 + CLng + CL3b3

Example 12
If a =5i+3j — 2k and b =8 — 97 + 11k, find a - b.

Solution

We use the formula in Key Point 13:
a-b=(5)8)+ 3)(—9)+ (—2)(11) =40 — 27 — 22 = —9

Note again that the result is a scalar: there are no 7's, ls or k's in the answer.
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If p=4i—3j+ 7k and ¢ = 6i — j + 2k, find p- g.

Use Key Point 13:

Your solution

Answer
41

If r = 3i + 2j + 9k find r - . Show that this is the same as |r|*.

Your solution

Answer

Ir| = V9 + 4+ 81 =94, hence [r]> =1 - 1.

ror=3i+2j+9%) - 3i+2j+9k)=3i-3i+3i-2j 4+ =9+0+--- =94

The above result is generally true:

Key Point 14

For any vector r, |r|* =r-

1=
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3. Resolving one vector along another

The scalar product can be used to find the component of a vector in the direction of another vector.
Consider Figure 32 which shows two arbitrary vectors @ and n. Let n be a unit vector in the direction
of n.

projection of a onto n

Figure 32
Study the figure carefully and note that a perpendicular has been drawn from P to meet n at Q).
The distance OQ) is called the projection of a onto n. Simple trigonometry tells us that the length
of the projection is |a| cos . Now by taking the scalar product of a with the unit vector i we find
a-n=la||a| cosd = |a|cosd (since |n| = 1)

We conclude that

Q Key Point 15

Resolving One Vector Along Another

a-n is the component of a in the direction of n

Example 13
Figure 33 shows a plane containing the point A which has position vector a. The
vector 7 is a unit vector perpendicular to the plane (such a vector is called a
normal vector). Find an expression for the perpendicular distance, ¢, of the plane
from the origin.

Figure 33
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Solution

From the diagram we note that the perpendicular distance ¢ of the plane from the origin is the
projection of a onto n and, using Key Point 15, is thus a - n.

4. Using the scalar product to find the angle between vectors

We have two distinct ways of calculating the scalar product of two vectors. From Key Point 9
a-b=|a||b| cos® whilst from Key Point 13 a - b = a1b; + asby + azbs. Both methods of calculating
the scalar product are entirely equivalent and will always give the same value for the scalar product.
We can exploit this correspondence to find the angle between two vectors. The following example
illustrates the procedure to be followed.

Example 14
Find the angle between the vectors a = 5i + 3j — 2k and b = 8i — 95 + 11k.

Solution

The scalar product of these two vectors has already been found in Example 12 to be —9. The
modulus of a is /52 + 32 + (—2)2 = /38. The modulus of b is /82 + (—9)2 + 112 = 1/266.
Substituting these values for a - b, |a| and |b| into the formula for the scalar product we find

a-b = lalb] cos

—9 = /38266 cos®

from which
-9
cosf) = ——— = —0.0895
v/38v/266

so that 6 = cos™'(—0.0895) = 95.14°

In general, the angle between two vectors can be found from the following formula:

Key Point 16

The angle 6 between vectors a, b is such that:
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Exercises

1. Ifa=2i—5j5and b=31+2j find a-b and verify thata-b=10"-a.

2. Find the angle between p = 3i — j and ¢ = —41 + 6.

3. Use the definition of the scalar product to show that if two vectors are perpendicular, their

scalar product is zero.
4. If a and b are perpendicular, simplify (a — 2b) - (3a + 5b).
5. Ifp=i+8j+7kand ¢g=3i—2j+ 5k, findp-q.

6. Show that the vectors 1i + j and 2i — j are perpendicular.

7. The work done by a force F' in moving a body through a displacement r is given by F - r.
Find the work done by the force F' = 3: + 7k if it causes a body to move from the point with

coordinates (1,1, 2) to the point (7,3,5).

8. Find the angle between the vectors i — j — k and 2i + j + 2k.

Answers
1. —4.
2. 142.1°,
3. This follows from the fact that cosf = 0 since 6 = 90°.
4. 3a% — 100°.
5. 22.
6. This follows from the scalar product being zero.
7. 39 units.

8. 101.1°

38
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5. Vectors and electrostatics

Electricity is important in several branches of engineering - not only in electrical or electronic en-
gineering. For example the design of the electrostatic precipitator plates for cleaning the solid fuel
power stations involves both mechanical engineering (structures and mechanical rapping systems for
cleaning the plates) and electrostatics (to determine the electrical forces between solid particles and
plates).

The following example and tasks relate to the electrostatic forces between particles. Electric charge
is measured in coulombs (C). Charges can be either positive or negative.

The force between two charges
Let ¢; and ¢y be two charges in free space located at points P; and P;. Then ¢ will experience a
force due to the presence of ¢ and directed from P, towards P;.

This force is of magnitude K —— 1% where 7 is the distance between P, and P, and K is a constant.
In vector notation this coulomb force (measured in newtons) can then be expressed as F' = K@ T
r2

where 7 is a unit vector directed from P, towards P;.

The constant K is known to be where gy = 8.854 x 1072 F m~! (farads per metre).

TE
The electric field

. . . . Kaq . . .
A unit charge located at a general point GG will then experience a force —glfl (where 7, is the unit
r

1
vector directed from P; towards (G) due to a charge ¢; located at P;. This is the electric field E
newtons per coulomb (N C! or alternatively V m™!) at G due to the presence of ¢;.
For several point charges ¢, at P;, ¢» at P, etc., the total electric field £ at GG is given by

Kq . Kqy
E— gl Zl—l—#zz_’_...
T T3

where 7, is the unit vector directed from point P; towards G.
From the definition of a unit vector we see that
Kg o  Kg 1y _ Ka Kqo 1 ¢ 72

= L2 = e = R St
7’% |7y T% |75 |7” 3 ! |73 ? dreg |ry)? ! |f2|32

where 1, is the vector directed from point P; towards G, so that r; = OG — OP, etc., where OG
and OP, are the position vectors of G and Py (see Figure 34).

P] . G

Figure 34

The work done

The work done W (energy expended) in moving a charge ¢ through a distance dS, in a direction
given by the unit vector S/|S|, in an electric field E is (defined by)

W = —qE.dS (4)

where W is in joules.
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Engineering Example 1

Field due to point charges
In free space, point charge ¢; = 10 nC (1 nC = 107°C, i.e. a nanocoulomb) is at P;(0, —4,0) and
charge g2 =20 nCis at P, = (0,0,4).

[Note: Since the z-coordinate of both charges is zero, the problem is two-dimensional in the yz plane
as shown in Figure 35.]

Ak
P5(0,0,4)
1 ~J
— .
P0,-4,00 |O y
Figure 35

(a) Find the field at the origin £, , due to ¢; and go.

(b) Where should a third charge g3 = 30 nC be placed in the yz plane so that the total field
due to ¢, q2, q3 is zero at the origin?

Solution

(a) Total field at the origin £, , = (field at origin due to charge at Py) + (field at origin due to
charge at P,). Therefore
10 x 107 , 20 x 107
L ,= - J+ -
’ 4 x 8.854 x 10712 x 42% 471 x 8.854 x 10712 x 42

(The negative sign in front of the second term results from the fact that the direction from P, to
O is in the —z direction.)

(—k) = 5.617j — 11.23k

(b) Suppose the third charge g3 = 30 nC is placed at P3(0,a,b). The field at the origin due to the
third charge is

B — 30 x 107° y —(aj + bk)
TP 4Ar x 8.854 x 10712 x (a2 +b2) © (a2 + b2)1/2’
aj +bk . _ o
where —=————is the unit vector in the direction from O to P;

(a® + b2)1/2

If the position of the third charge is such that the total field at the origin is zero, then £; = —E, ,.
There are two unknowns (a and b). We can write down two equations by considering the j and &
directions.
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Solution (contd.)
a : :
Ey=—-269.6 @ b2)3/zl+ @ b2)3/2k L, ,=5617) —11.23k
So
a
b
So
a
b
: : : a® + b’
Squaring and adding (3) and (4) gives CEE = 0.002169
So
(a4 b?) = 21.47 (5)
Substituting back from (5) into (1) and (2) gives a = 2.07 and b = —4.14, to 3 s.f.

Eight point charges of 1 nC each are located at the corners of a cube in free space
which is 1 m on each side (see Figure 36). Calculate |E| at

(a) the centre of the cube
(b) the centre of any face
(c) the centre of any edge.

4
ool A S
(1,0, B P(1,1~1)
0 R|(0.1.0)
e
(1,0,0) (i,1,0)
Figure 36
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Your solution

Work the problem on a separate piece of paper but record here your main results and conclusions.

Answer

(a) The field at the centre of the cube is zero because of the symmetrical distribution of the charges.

(b) Because of the symmetrical nature of the problem it does not matter which face is chosen in
order to find the magnitude of the field at the centre of a face. Suppose the chosen face has corners
located at P(1,1,1), 7°(1,1,0), R(0,1,0) and S(0,1,1) then the centre (C') of this face can be
seen from the diagram to be located at C' 37 1, 3

The electric field at C' due to the charges at the corners P,T", R and S will then be zero since the field
vectors due to equal charges located at opposite corners of the square PT RS cancel one another
out. The field at C'is then due to the equal charges located at the remaining four corners (OABD)
of the cube, and we note from the symmetry of the cube, that the distance of each of these corners

1\? 1\?
from C will be the same. In particular the distance OC = \/(5) + 124+ (§> =+v1.5m. The

1 i1

7

electric field £ at C due to the remaining charges can then be found using £ = 1 e

where ¢; to ¢4 are the equal charges (1072 coulombs) and r; to r, are the vectors directed from
the four corners, where the charges are located, towards C'. In this case since ¢; = 10~ coulombs
and |r;| = V1.5 fori =1 to i =4 we have

1 107°

B = F&)Wkl +ry+r3 1y,

1 0 1 1
2 2
wherer, =AC=|1|—-|0|,rn,=BC =]1]|—-1]0| etc
1 1 1 1
2 . 2
_ 0 ]
1 107°
Thus E=— ——— | 4
T e (PR |
1 107° 1079
d |E|=— = = 1957V m™!
and B = T 5 T 7 x 8.85 x 10-(1.5)77 m
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Answer

(c) Suppose the chosen edge to be used connects A(0,0,1) to B(1,0,1) then the centre point (G)
1

will be located at GG 5,0,1

By symmetry the field at G' due to the charges at A and B will be zero.
We note that the distances DG, OG, PG and SG are all equal. In the case of OG we calculate

1 2
by Pythagoras that this distance is \/(5) + 02+ 12 =+/1.25.

Similarly the distances T'G and RG are equal to v/2.25.
Qz_l

Using the result that £ = gives
TE !r K
1 1 B 1 1
= - +1 -1+ -
- 3/2
4reg | (1.25)3/ ) 0 0
_1 1 7
i I
3/2
2 25 (2.25)3/2 { ) ] _
B 109 | 0 N 1 02
B 47T€0 (1.25) 3/2 (2.25)3% |
1070 |
= —2.02367
T | 2.02367
Thus |E| = 10 V02 + (—2.02367)% + (2.02367)2
T 4 x 7 x 8854 x 10712
=25.72V m~! (2d.p.).
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If £ = —50i — 505 + 30k V m~! where i, J and k are unit vectors in the x,y
and z directions respectively, find the differential amount of work done in moving
a 21C point charge a distance of 5 mm.

(a) From P(1,2,3) towards (2,4, 1)
(b) From Q(2,4,1) towards P(1,2,3)

Your solution

Answer

(a) The work done in moving a 2uC charge through a distance of 5 mm towards @ is
PQ
W=—qEds = —(2x107%(5 x1073)E.—%
(2X107)(5 % 0B 75
(i +2j — 2k)

= —1075(=50i — 50 + 30k) - JEr 2t (2

108(50 + 100 + 60
= ( +3 + ):7><10‘7J

(b) A similar calculation yields that the work done in moving the same charge through the
same distance in the direction from Q to Pis W = —7 x 1077.J
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The Vector Product

q Introduction

In this Section we describe how to find the vector product of two vectors. Like the scalar product,
its definition may seem strange when first met but the definition is chosen because of its many
applications. When vectors are multiplied using the vector product the result is always a vector.

% Prerequisites

Before starting this Section you should . ..

know that a vector can be represented as a
directed line segment

know how to express a vector in Cartesian
form

know how to evaluate 3 x 3 determinants

K
% Learning Outcomes

On completion you should be able to ...

\_

use the right-handed screw rule

calculate the vector product of two given
vectors

use determinants to calculate the vector
product of two vectors given in Cartesian
form

<

/
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1. The right-handed screw rule

To understand how the vector product is formed it is helpful to consider first the right-handed screw
rule. Consider the two vectors a and b shown in Figure 37.

b

1)

Figure 37
The two vectors lie in a plane; this plane is shaded in Figure 37. Figure 38 shows the same two
vectors and the plane in which they lie together with a unit vector, denoted é, which is perpendicular
to this plane. Imagine turning a right-handed screw, aligned along ¢, in the direction from a towards
b as shown. A right-handed screw is one which when turned clockwise enters the material into which
it is being screwed (most screws are of this kind). You will see from Figure 38 that the screw will
advance in the direction of é.

[d>

Figure 38
On the other hand, if the right-handed screw is turned from b towards a the screw will retract in the

direction ofi as shown in Figure 309.

L

h\\\\\\\\\\\“
\H

[~~»
<

Figure 39

We are now in a position to describe the vector product.
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2. Definition of the vector product
We define the vector product of a and b, written a x b, as
axb=la||p] sindé

By inspection of this formula note that this is a vector of magnitude |a||b| sin@ in the direction
of the vector ¢, where é is a unit vector perpendicular to the plane containing a and b in the sense
defined by the right-handed screw rule. The quantity a X b is read as “a cross b"and is sometimes
referred to as the cross product. The angle is chosen to lie between 0 and 7. See Figure 40.

length |al|b] sin 6

axbA

Figure 40: a x b is perpendicular to the plane containing a and b

Formally we have

Key Point 17

The vector product of a and bis: a x b= |a||b| sinfe
The modulus of the vector product is:  |a X b

Note that |a| [b] sin @ gives the modulus of the vector product whereas ¢ gives its direction.

Now study Figure 41 which is used to illustrate the calculation of b X a. In particular note the
direction of b x a arising through the application of the right-handed screw rule.

We see that a x b is not equal to b X a because their directions are opposite. In factaxb = —bxa.

b

Figure 41: b x a is in the opposite direction to a X b
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Example 15

If @ and b are parallel, show that a x b

0.

Solution

If a and b are parallel then the angle 6 between them is zero. Consequently sin € = 0 from which it
follows that a x b = |a||b| sinf e = 0. Note that the result, 0, is the zero vector.

Note in particular the important results which follow:

Key Point 18

ixi=0 jxj=0 kxk=0

Example 16

Show that i x j = k and find expressions for j x k and k x i.

Solution

Note that ¢ and j are perpendicular so that the angle between them is 90°. Also, the vector k is
perpendicular to both i and j. Using Key Point 17, the modulus of i x j is (1)(1)sin90° = 1. So
i j is a unit vector. The unit vector perpendicular to 7 and j in the sense defined by the right-handed
screw rule is k as shown in Figure 42(a). Therefore i x J =k as required.

z z z

o
[=n
[

N

T (a) T (b) x (c)

(ISR
I
<
o~
[
<
[
<

Similarly you should verify that j x k = i (Figure 42(b)) and k x i = j (Figure 42(c)).
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txj=k  jxk=i, kxi=j jxi=-k  kxj=-i ixk=-j

To help remember these results you might like to think of the vectors i, j and k written in alphabetical
order like this:

|
S

|7
-
S

By

Moving left to right yields a positive result: e.g. k£ x 1= 7.

Moving right to left yields a negative result: e.g. j Xi= —k.

3. A formula for finding the vector product

We can use the results in Key Point 19 to develop a formula for finding the vector product of two
vectors given in Cartesian form: Suppose a = aqi + azj + agk and b = byi + byj + b3k then

axb = (a1i+ayj+ask) x (bii+ byj + bsk)
= ayi X (byi + baj + bsk)
+ azj % (byi + boj + bsk)
+ ask X (bii + byj + bsk)
= arbi(i ¥ 1) + arba(i x j) + arbs(i x k)
+ agbi(j X i) + agba(j X j) + agbs(j x k)
+ asbi(k x 1) + agba(k x j) + asbs(k x k)

Using Key Point 19, this expression simplifies to

a X b= (agbs — aszby)i — (aibs — azby)j + (a1by — azby)k
This gives us Key Point 20:

Q Key Point 20

If a=ait+ayj+azk and b=0bii+byj+bzk then

a X b= (asbs — azby)i — (a1bs — azb1)j + (a1by — azbr)k
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Example 17
Evaluate the vector product a x b if a = 31 — 2j + 5k and b= 7i + 45 — 8k.

Solution

ldentifying a; = 3, as = =2, a3 =5, by =7, by =4, b3 = —8 we find

axb = ((=2)(=8) = () 4)i — (B)(=8) = (B)(M)i + (B)(4) = (=2)(M)k
= —4i+59j + 26k

Use Key Point 20 to find the vector product of
p=3i+5jand ¢g=2i—j.

Note that in this case there are no £ components so a3 and b are both zero:

Your solution

pxg=

Answer
—13k

4. Using determinants to evaluate a vector product

Evaluation of a vector product using the formula in Key Point 20 is very cumbersome. A more
convenient and easily remembered method is to use determinants. Recall from Workbook 7 that, for
a 3 x 3 determinant,

a b c
d e f:ae f—b‘d f.—l—c‘d ¢
g hoi h 1 g 1 g h

The vector product of two vectors a = a;i + ayj + azk and b = byi + byj + b3k can be found by
evaluating the determinant:

it oJ k
axb=l|a; ay as
by by b3

in which 4, j and k are (temporarily) treated as if they were scalars.
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If a=ait+ayj+azk and b=0byii+byj+bsk then

1 ay  ag| = i(aghs — agby) — 1(61153 — azby) + k(aiby — azb;)

Example 18
Find the vector product of a = 3i — 45 + 2k and b = 9i — 65 + 2k.
Solution
i j ok
We have axb=|3 —4 2| which, when evaluated, gives
9 —6 2
axb=i(-8—(-12)) —j(6 —18) + k(18 — (—36)) = 4i + 125 + 18k
Example 19

The area Ar of the triangle shown in Figure 43 is given by the formula
Ar = 1besin . Show that an equivalent formula is Ay = $|AB x 1@]

B
c
a
A
b
C
Figure 43

Solution

We use the definition of the vector product |/ﬁ X 1@| = ]E[ |1@] sin a.

Since « is the angle between AB and 1@ and |ﬁ| = c and |1@| = b, the required result follows
immediately:

%L@ xﬁ] :%c-b-sina.
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Moments
The moment (or torque) of the force F' about a point O is defined as

M,=rxF

where 1 is a position vector from O to any point on the line of action of F' as shown in Figure 44.

Figure 44
It may seem strange that any point on the line of action may be taken but it is easy to show that
exactly the same vector M is always obtained.
By the properties of the cross product the direction of M is perpendicular to the plane containing
r and F (i.e. out of the paper). The magnitude of the moment is

| M| = [r]|E] sin 6.

From Figure 44, |r|sinf = OD. Hence |M,| = OD|F|. This would be the same no matter which
point on the line of action of F' was chosen.

Example 20
Find the moment of the force given by I = 3i 4+ 4j + 5k (N) acting at the point
(14, —3,6) about the point P(2,—2,1).
z
F = 3i+4j + 5k

kr (14, -3,6)

y P (2, *2, 1)

Figure 45

Solution

The vector r can be any vector from the point P to any point on the line of action of F'. Choosing
r to be the vector connecting P to (14, —3,6) (and measuring distances in metres) we have:

= (14— 2)i + (=3 — (=2))j + (6 — 1)k = 12i — j + 5k.

Je.

J
1

—_
[\

The moment is M,

rx F= — —25i — 45/ + 51k (N m)

ot Ot |

4

w
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Exercises

. Show that if @ and b are parallel vectors then their vector product is the zero vector.
. Find the vector product of p = —2i — 3j and ¢ = 44 + 7.
. Mfa=1i+2j+3kand b= 41+ 3j + 2k find a x b. Show that a x b # b X a.

. Points A, B and C have coordinates (9,1, —2), (3,1,3), and (1,0, —1) respectively. Find the
vector product fﬁ X 1@

. Find a vector which is perpendicular to both of the vectors ¢ = i+2j+7k and b = i+ j — 2k.
Hence find a unit vector which is perpendicular to both a and b.

. Find a vector which is perpendicular to the plane containing 6i + k and 2 + j.

. For the vectors a = 4i+2j+Fk, b =1i—2j+k, and ¢ = 3i — 3j + 4k, evaluate both a x (b x ¢)
and (a x b) x ¢. Deduce that, in general, the vector product is not associative.

. Find the area of the triangle with vertices at the points with coordinates (1,2, 3), (4,—3,2)
and (8,1,1).
. For the vectors r = i + 2j + 3k, s = 21 — 2j — 5k, and t =i — 3j — k, evaluate
(@) (r-t)s— (s-t)r. (b) (r x s) x t. Deduce that (r-1)s — (s-t)r = (r x 5) x t.

Answers

1. This uses the fact that sin(0 = 0.

2. =2k

3. =5+ 105 — 5k

4. 51 — 34 + 6k

5. —=11i + 95 — k, \/%m(—llz—l— 95 — k)

6. —2+2j + 6k for example.

7. Tu— 175 + 6k, —42i — 467 — 3k. These are different so the vector product is not associative.

© ®

11106

Each gives —29i — 105 + &
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Lines and Planes 9.5

q Introduction

Vectors are very convenient tools for analysing lines and planes in three dimensions. In this Section you
will learn about direction ratios and direction cosines and then how to formulate the vector equation of
a line and the vector equation of a plane. Direction ratios provide a convenient way of specifying the
direction of a line in three dimensional space. Direction cosines are the cosines of the angles between
a line and the coordinate axes. We begin this Section by showing how these quantities are calculated.

m Prerequisites

Before starting this Section you should ...

understand and be able to calculate the
scalar product of two vectors

understand and be able to calculate the
vector product of two vectors

>

ﬁb Learning Outcomes

On completion you should be able to ...

N

obtain the vector equation of a line \

obtain the vector equation of a plane passing
through a given point and which is
perpendicular to a given vector

obtain the vector equation of a plane which is
a given distance from the origin and which is
perpendicular to a given vector j

54
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1. The direction ratio and direction cosines
Consider the point P(4,5) and its position vector 4i + 5j shown in Figure 46.

A
5 P (45)
r=4+5j
4B
o
T T T T T > X
% 4
Figure 46

The direction ratio of the vector O—}>7 is defined to be 4:5. We can interpret this as stating that to
move in the direction of the line OP we must move 4 units in the x direction for every 5 units in the
y direction.

The direction cosines of the vector O? are the cosines of the angles between the vector and each
of the axes. Specifically, referring to Figure 46 these are

cosa and  cosf

Noting that the length of O—}>7 is v/42 + 52 = /41, we can write

4 5 5
cosa = ——, cos B = —.
V41 V41
It is conventional to label the direction cosines as ¢ and m so that
4 5
= —, m=——.
V41 V41

More generally we have the following result:

Q Key Point 22

For any vector r = ai + by, its direction ratio is a : b.

Its direction cosines are
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Example 21
Point A has coordinates (3,5), and point B has coordinates (7, 8).
(a) Write down the vector AB.
b) Find the direction ratio of the vector AB.

) Find its direction cosines, ¢ and m.
)

(
(c
(d) Show that ¢* + m? = 1.

Solution

(a) AB =b—a = 4i + 3;.

(b) The direction ratio of AB is therefore 4:3.

(c) The direction cosines are

4 4 3 3
=iy "TUr v s

(d)

AN® 3\ 16 9 25
2 2

= | — — = — —:—:1
Em (5)+<5) %5 25

The final result in the previous Example is true in general:

Q Key Point 23

If £ and m are the direction cosines of a vector lying in the zy plane, then /2 +m? =1

Exercise

P and @ have coordinates (—2,4) and (7, 8) respectively.
(a) Find the direction ratio of the vector P@ (b) Find the direction cosines of @

Answer
9 4
a)9:4, b) —, —
(a) (b) 75 Jor
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2. Direction ratios and cosines in three dimensions

The concepts of direction ratio and direction cosines extend naturally to three dimensions. Consider
Figure 47.

‘A

P(a,b,c)

Figure 47

Given a vector r = ai + bj + ck its direction ratios are a : b : ¢. This means that to move in the
direction of the vector we must must move @ units in the z direction and b units in the y direction
for every c units in the z direction.

The direction cosines are the cosines of the angles between the vector and each of the axes. It is
conventional to label direction cosines as ¢, m and n and they are given by

a b c

{=cosa= ——=, Mm=cosff=———=, N=C08Y7= —F——=——
va? +b? 4 ¢ va?+b? +c? va?+b? 4 c?

Wee have the following general result:

m Key Point 24

For any vector r = ai + bj + ck its direction ratios are a : b : c.
Its direction cosines are

a b c

—_— M Em Y N =
va?+b* +c? va? 4 b+ c? Va2 + b* +

where 2 +m? +n? =1
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Exercises

1. Points A and B have position vectors a = —3i + 2j + 7k, and b = 31 + 45 — 5k respectively.
Find
(a) 4B

b) [AB)

c) The direction ratios of AB

d) The direction cosines (¢, m,n) of AB.

e) Show that ¢* + m? + n? = 1.

(
(
(
(

2. Find the direction ratios, the direction cosines and the angles that the vector O? makes with
each of the axes when P is the point with coordinates (2,4, 3).

3. Aline is inclined at 60° to the x axis and 45° to the y axis. Find its inclination to the z axis.

Answers

1. (a) 6i+2j — 12k,  (b) V184, (c)6:2:-12,  (d) 0 2 12

V184 /184" /184

2 4 3
V29" V29" /29
3. 60° or 120°.

2. 2:4:3; 68.2°, 42.0°, 56.1°.

3. The vector equation of a line

Consider the straight line APB shown in Figure 48. This is a line in three-dimensional space.

ZA

=3

2

Y

Figure 48
Points A and B are fixed and known points on the line, and have position vectors a and b respectively.
Point P is any other arbitrary point on the line, and has position vector r. Note that because A
and ﬁ are parallel, 1@ is simply a scalar multiple of /ﬁ that is, ﬁ = tzﬁ where ¢ is a number.
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Referring to Figure 48, write down an expression for the vector zﬁ in terms of a
and b.

Your solution

Answer

@:Q—a

Referring to Figure 48, use the triangle law for vector addition to find an expression
for r in terms of a, b and t, where AP =tA

Your solution

Answer

OP = OA + AP

so that

r=a+tb—a) since AP — tAB

The answer to the above Task, r = a+t(b— a), is the vector equation of the line through A and
B. It is a rule which gives the position vector r of a general point on the line in terms of the given
vectors a, b. By varying the value of ¢ we can move to any point on the line. For example, referring
to Figure 48,

when t=0, the equation gives r =a, which locates point A,

when t=1, the equation gives r=1>5, which locates point B.

If 0 <t < 1 the point P lies on the line between A and B. If t > 1 the point P lies on the line
beyond B (to the right in the figure). If t < 0 the point P lies on the line beyond A (to the left in
the figure).
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Q Key Point 25

The vector equation of the line through points A and B with position vectors a and b is

r=a+tb—a)

Write down the vector equation of the line which passes through the points with
position vectors @ = 31+ 2j and b = 71+ 5j. Also express the equation in column
vector form.

Your solution

Answer
b—a=(Ti+5j) — (3i+2j) = 4i +3j
The equation of the line is then

r=a+tlb—a)
= (3i + 2j) + t(4i + 3)

Using column vector notation we could write

== (3) ()
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Using column vector notation, write down the vector equation of the line which
passes through the points with position vectors a = 5i—2j+3k and b = 2i+j —4k.

Your solution

Answer
2 5 -3
Using column vector notation notethat b—a=| 1 | = | -2 = 3
—4 3 -7
5 -3
The equation of the lineisthen r=a+t(b—a)= -2+t 3
3 -7

Cartesian form

On occasions it is useful to convert the vector form of the equation of a straight line into Cartesian
form. Suppose we write

a1 by T
a = a2 5 Z_) = b2 y r= )
as b3 z
then r = a + t(b — a) implies
Xz aq bl — a1 a; + t(bl — Cll)
Y = as +t b2 — a9 = as + t(bg — ag)
z as bg — Qs as + t(bg — CL3)

Equating the individual components we find

) r—a
r=a; +t(by — ay), or equivalently ¢t = L
b —ay
—a
y = as + t(by — asg), or equivalently t = J 2
b2 — a9
. Z—a
z = a3+ t(bs — asz), or equivalently ¢t = 3
bg — Qs
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Each expression on the right is equal to ¢t and so we can write

r — aq Y — as Z — asg

bl—al N bg—ag N bg—ag
This gives the Cartesian form of the equations of the straight line which passes through the points
with coordinates (a1, as, as) and (by, ba, b3).

w Key Point 26

The Cartesian form of the equation of the straight line which passes through the points with
coordinates (ay, asz, ag) and (by, b, bs) is

r — aq Y — Qg Z — Qs

by —a; by — as bs — as

Example 22
(a) Write down the Cartesian form of the equation of the straight line
which passes through the two points (9,3, —2) and (4,5, —1).

(b) State the equivalent vector equation.

Solution
()
r—9 y—-3  z—(-2)
4—9 5-3 —1-(-2)
that is
-9 -3 2
$_5 _ 5 = ZT (Cartesian form)

(b) The vector equation is

(l

()
()

Z:
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Exercises

1. (a) Write down the vector 1@ joining the points A and B with coordinates (3,2,7) and
(—1,2,3) respectively.
(

b) Find the equation of the straight line through A and B.

2. Write down the vector equation of the line passing through the points with position vectors
p=3i+7j— 2k and ¢ = —31+ 2j + 2k. Find also the Cartesian equation of this line.

3. Find the vector equation of the line passing through (9, 1,2) and which is parallel to the vector

(1,1,1).
Answers
3 —4
1. (a) —4i—4k. (b) r=(2]+¢t| O
7 —4
3 —6
— -7 2
22.r=| 7 |+t -5 Cartesian form _Y _Z + .
—6 -5 4
-2 4
9 1
3.r=|1|+¢t|1
2 1

4. The vector equation of a plane

Consider the plane shown in Figure 49.

n

Figure 49
Suppose that A is a fixed point in the plane and has position vector a. Suppose that P is any other
arbitrary point in the plane with position vector r. Clearly the vector ﬁ lies in the plane.
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Referring to Figure 49, find the vector 1@ in terms of ¢ and r.

Your solution

Answer

r—a

Also shown in Figure 49 is a vector which is perpendicular to the plane and denoted by n.

What relationship exists between n and the vector 1@?

Hint: think about the scalar product:

Your solution

Answer
Because ﬁ and n are perpendicular their scalar product must equal zero, that is

(r—a)n=0 so that r.n

a.n

The answer to the above Task, r.n = a.n, is the equation of a plane, written in vector form,
passing through A and perpendicular to n.

% Key Point 27

A plane perpendicular to the vector n and passing through the point with position vector a, has
equation

rn=an
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In this formula it does not matter whether or not n is a unit vector.

If 1 is a unit vector then a.n represents the perpendicular distance from the origin to the plane which
we usually denote by d (for details of this see Example 13, page 36). Hence we can write

rn=d

This is the equation of a plane, written in vector form, with unit normal 7 and which is a perpen-
dicular distance d from O.

Q Key Point 28

A plane with unit normal n, which is a perpendicular distance d from O is given by

rn=d

Example 23

(a) Find the vector equation of the plane which passes through the point with
position vector 3i + 25 + 5k and which is perpendicular to i + k.

(b) Find the Cartesian equation of this plane.

Solution

(a) Using the previous results we can write down the equation
r(i+k)=(3i+2j+5k).(i+k)=3+5=8

(b) Writing r as xi + yj + 2k we have the Cartesian form:
(vi +yj + k). + k) = 8
so that

T+ z=28
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(a) Find the vector equation of the plane through (7,3, —5) for which
n = (1,1,1) is a vector normal to the plane.
(b ) What is the perpendicular distance of the plane from O?

Your solution

Answer
Using the formula -n = a - n the equation of the plane is
g a-n q p

T =7x14+3x1—-5x1=5
N o1 (B s
(b) The perpendicular distance from the originis an=| 3 | - — 1] = —
5] V3\y/ V3
Exercises

1. Find the equation of a plane which is normal to 8i +9; + k and which is a distance 1 from the
origin. Give both vector and Cartesian forms.

2. Find the equation of a plane which passes through (8, 1,0) and which is normal to the vector

1+ 2j — 3k.
3
3. What is the perpendicular distance of the plane r. | 2 | = 5 from the origin?
1
Answers
1 8
1. r 91 =1, 8x+9y+2z=+v146
146 | ¢
1 8 1 1
2. r 2 | =11 2 that is r 2 | =10
-3 0 -3 -3
5
3. —
V14
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Acceleration 4
Aeroplane 13
Angle between vectors 37
Area of triangle 51
Cartesian form of line 61
Charge 40
Column vector 20
Components 19
Coordinate frame 18, 27
Cross product - see vector product
Determinant 50
Direction 3
Direction cosine 55-58
Direction ratio 55-58
Displacement 3
Distance 3
Doppler effect

Dot product - see scalar product
Electric field 39-44
Electrostatics 39-44
Energy 4
Fixed vector 22
Force 4, 38, 39
Lines 54-63
Magnitude 3,5 28
Mass 3-4
Modulus 6, 28, 47
Moment 52
Newton's second law 13
Normal vector 36, 65
Planes 63-66

Index for Workbook 9

Position vector 22
Pressure 4
Product 45-53
Projection 36
Resolving 10, 36
Resultant 9
Right-hand screw rule 46
Scalar 3, 15
Scalar product 30-37
Speed 3
Temperature 4
Torque 52
Triangle area 51
Triangle law 7-9
Unit vector 16, 18, 27
Velocity 3-4
Vector - addition 7-9
- column 20
- equality 6
- fixed 22
- multiplication 15
- normal 36, 65
- position 22
- subtraction 14
- unit 16, 18, 27
- zero 48
Weight 3
EXERCISES

4, 14, 16 26, 29, 38, 53, 56, 58, 63, 66

ENGINEERING EXAMPLES
Field due to point charges

40
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